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ABSTRACT
One c l a s s  o f  i n t e g e r  programming p ro b le m s  i s  t h e  p l a n t  
l o c a t i o n  p r o b le m ,  o r  lo c k b o x  p r o b le m .  Lockbox p ro b lem s  a r e  
u n iq u e  i n  t h a t  a f i x e d  c h a r g e  i s  i n c u r r e d  w i t h  each  o p e n in g  
o f  a p l a n t  l o c a t i o n  o r  l o c k b o x .  These p ro b le m s  have  
h i s t o r i c a l l y  been s o l v e d  u s in g  b ranch  and b o u nd-b ased  i n t e g e r  
programming com pu ter  co d e s .  These t y p e s  o f  co d e s ,  how eve r ,  
f r e q u e n t l y  r e q u i r e  a long  t i m e  t o  f i n d  t h e  opt imum. I t  has  
been c o n j e c t u r e d  t h a t  r e o r d e r i n g  o f  t h e  o b j e c t i v e  f u n c t i o n  
c o u ld  cause r e d u c t i o n s  i n  co m p u te r  r u n n i n g  t i m e  f o r  t h i s  
c l a s s  o f  p r o b le m s .  T h i s  t h e s i s  c o n f i r m s  t h i s  a s s e r t i o n  f o r  
p u r e  b ranc h  and bound i n t e g e r  programming co d e s .
We c o n c lu d e  f ro m  t h i s  s t u d y  t h a t  r e o r d e r i n g  t h e  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s ,  f ro m  s m a l l e s t  t o  l a r g e s t ,  
can g i v e  r e d u c t i o n s  i n  co m p u te r  r u n n i n g  t i m e  on p u re  b ranc h  
and bound codes o f  up t o  18%. R e s u l t s  on o t h e r  codes p ro ve d  
t o  be u n p r e d i c t a b l e .  When t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  w ere  r e a r r a n g e d  f ro m  s m a l l e s t  t o  l a r g e s t  by 
r e g i o n . o r  row, a g r e a t e r  r e d u c t i o n  i n  com pu ter  r u n n i n g  t i m e  
(up  t o  28%) was o b t a i n e d  on t h e  p u re  b ranch  and bound code .
As b e f o r e ,  r e s u l t s  on t h e  o t h e r  codes w ere  u n p r e d i c t a b l e .
i i i
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C h a p t e r  1 
THE LOCKBOX PROBLEM
One c l a s s  o f  i n t e g e r  programming p ro b le m  i s  t h e  p l a n t  
l o c a t i o n  p r o b le m ,  o r  lo c k b o x  p r o b le m .  T h i s  t y p e  o f  p ro b lem  
i s  u n iq u e  in  t h a t  a f i x e d  c h a r g e  i s  a s s o c i a t e d  w i t h  o p e n in g  
o r  o p e r a t i n g  a l o c a t i o n .
W oo lsey ,  w r i t i n g  i n  S a l k i n  ( 1 9 7 5 ,  5 1 2 )  d e s c r i b e s  t h e  
lo c k b o x  p ro b le m  as f o l l o w s :
We assume t h a t  a company has a c h o i c e  o f  
h a v in g  i t s  a c c o u n t s  r e c e i v a b l e  s e n t  t o  a l o c a l  bank  
n e a r  t h e  a c c o u n t s  r e c e i v a b l e .  Now, i f  a l l  t h e  
a c c o u n t s  r e c e i v a b l e  come t o  t h e  main o f f i c e ,  t h e  
company w i l l  l o s e  i n t e r e s t  t h a t  i t  c o u ld  e a r n  on 
t h a t  money i f  i t  w ere  d e p o s i t e d  i m m e d i a t e l y .  On 
t h e  o t h e r  hand,  i f  t h e  company m a i n t a i n s  a bank 
a c c o u n t  n e a r  each one o f  t h e  a c c o u n t s  r e c e i v a b l e ,  
t h e  company has t o  pay each  bank a f i x e d  c h a r g e  f o r  
t a k i n g  c a r e  o f  t h e i r  b u s in e s s  . . . .  The company i s  
th u s  c o n f r o n t e d  w i t h  t h e  f o l l o w i n g  p r o b le m :  How
many banks s h o u ld  t h e y  u s e ,  where s h o u ld  t h e y  be 
l o c a t e d ,  and w h ic h  a c c o u n t s  r e c e i v a b l e  s h o u ld  go 
i n t o  a g i v e n  bank? I f  we d e s i g n a t e  banks as  
" lo c k b o x e s "  we can f o r m u l a t e  t h i s  s c e n a r i o  as a 
z e r o - o n e  i n t e g e r  program m ing p r o b le m .  T h i s  p ro b le m  
a l s o  r e p r e s e n t s  t h e  s i m p l e  p l a n t  l o c a t i o n  p r o b le m .
P u t  s i m p l y ,  t h e  company w ants  t o  m i n i m i z e  i t s  c o s t s .
The company can a s s i g n  each  a c c o u n t s  r e c e i v a b l e  t o  o n l y  one
l o c k b o x .  O pen ing  each lo c k b o x  i n v o l v e s  a f i x e d  c h a r g e  t o  t h e
company.
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H i s t o r y  o f  Lockbox Prob lem  F o r m u l a t i o n
Lockbox p ro b le m s  have been f o r m u l a t e d  and s o l v e d  in  many 
m a t h e m a t ic a l  and b u s in e s s  p u b l i c a t i o n s .  F e r d i n a n d  K. Levy  
d e v e lo p e d  t h e  f i r s t  h e u r i s t i c  f o r  s o l v i n g  lo c k b o x  p ro b le m s  in  
1 9 6 6 .  Levy used a s i m p l e  f l o w  c h a r t  t o  re a c h  a s a t i s f a c t o r y  
s o l u t i o n  (L e v y  196 6 ,  B - 2 3 6 ) .  L e v y ’ s "Q u ick  and D i r t y "  
a l g o r i t h m  i s  s t i l l  b e in g  t a u g h t  in  i n t e g e r  programming  
c l a s s e s  t o d a y .  How ever ,  u s in g  L e v y ’ s h e u r i s t i c ,  "one does  
n o t  know w h e t h e r  { t h e }  s o l u t i o n  r e p r e s e n t s  an o p t i m a l  
(m in im a l  c o s t )  c o m b i n a t i o n  o r  n o t . "  ( K r a u s ,  J a n s s e n ,  and  
McAdams 19 7 0 ,  5 2 ) .
The f i r s t  i n t e g e r  programming f o r m u l a t i o n  o f  t h e  lo c k b o x  
p r o b le m  a p p e a r e d  i n  t h e  J o u r n a l  o f  Bank R e s e a rc h  i n  1970 .  
A u th o r e d  by K r a u s ,  J a n s s e n ,  and McAdams, t h e i r  i n t e g e r  
program m ing f o r m u l a t i o n  d i d  g u a r a n t e e  o p t i m a l i t y  ( 1 9 7 0 ,  5 3 ) .  
T h e i r  i n t e g e r  p rogram m ing model was a m a x i m i z a t i o n  p r o b le m ,  
m a x i m i z i n g  t h e  s a v i n g s  (d u e  t h e  r e d u c t i o n  o f  m a i l  and 
c l e a r i n g  t i m e s )  m inus t h e  f i x e d  c h a rg e  f o r  m a i n t a i n i n g  t h e  
1 o c k b o x e s .
I n  1971 C i o c h e t t o ,  a g r a d u a t e  s t u d e n t  a t  C o lo r a d o  School  
o f  M in e s ,  used t h e  o p p o s i t e  a p p ro a c h  t o  t h e  lo c k b o x  p r o b le m .  
I n  h i s  M a s t e r ’ s t h e s i s  "An A p p l i c a t i o n  o f  B i n a r y  I n t e g e r  
Programming t o  t h e  LockBox Prob lem "  C i o c h e t t o ’ s f o r m u l a t i o n  
m i n i m i z e d  t h e  v a r i a b l e  and f i x e d  c o s t s  o f  o p e r a t i n g  a
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lo c k b o x ,  p l u s  t h e  c o s t  o f  e s t a b l i s h i n g  new l o c k - b o x e s  
( C i o c h e t t o  197 1 ,  2 ) .  I n  A p r i l  1972 C i o c h e t t o  e t  a l  p r e s e n t e d  
a w o r k in g  p a p e r  on lo c k b o x  p ro b le m s  a t  t h e  4 1 s t  N a t i o n a l  
M e e t in g  o f  t h e  O p e r a t i o n s  R e s e a rc h  S o c i e t y  o f  A m e r ic a .  
S u b s e q u e n t l y ,  most j o u r n a l s  and t e x t b o o k s  have used a 
m i n i m i z a t i o n  f o r m u l a t i o n .
S im p ly  s t a t e d ,  we w is h  t o  m i n i m i z e  t h e  sum o f  
t h e  v a r i a b l e  and f i x e d  c o s t s  s u b j e c t  t o  t h e  
c o n s t r a i n t s  t h a t  each a c c o u n t  r e c e i v a b l e  may be 
a s s ig n e d  t o  o n l y  one lo c k b o x ;  and f u r t h e r ,  i f  any  
a c c o u n t  r e c e i v a b l e  i s  a s s ig n e d  t o  a lo c k b o x ,  t h e  
f i x e d  c h a rg e  f o r  use o f  t h e  lo c k b o x  must be 
a s s e s s e d  ( S a l k i n  19 7 5 ,  5 1 2 ) .
The ’ s t a n d a r d ’ m a t h e m a t ic a l  f o r m u l a t i o n ,  i n c o r p o r a t i n g  a 
v a r i e t y  o f  a u t h o r s ,  i s :
S t a n d a r d  Lockbox F o r m u l a t i o n
m n m
min
s.t. ]£xij = 1 (for j = 1 n)
n
xi;j - ny± £ 0 (for i = 1, . . . ,m)
xi:j =0, 1 (for all i, j) 
y ± = 0, 1 (for i = 1, . . . ,m)
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w h e r e :
m = number o f  lo c k b o x e s  
n = number o f  r e g i o n s
Cjj = v a r i a b l e  c o s t  o f  a s s i g n i n g  r e g i o n  j  t o  lo c k b o x  i 
Xjj = 1 i f  r e g i o n  j  sends payments t o  lo c k b o x  i 
Xjj = 0  i f  r e g i o n  j  does no t  send payments t o  lo c k b o x  i 
fj = f i x e d  c h a r g e  f o r  u s in g  lo c k b o x  i 
-  1 i f  l o c k b o x  i  used  
y- = 0 i f  lo c k b o x  i i s  not  used
T h e re  a r e  m lo c k b o x e s  and n r e g i o n s .  T h i s  by i t s e l f  
g i v e s  us m *  n v a r i a b l e s .  The second c o n s t r a i n t  above adds  
a n o t h e r  n v a r i a b l e s ,  f o r  a t o t a l  o f  m *  n + n v a r i a b l e s  and m 
+ n c o n s t r a i n t s  ( S a l k i n  1 9 7 5 ,  5 1 3 ) .
T h e r e  a r e  two ways lo c k b o x  p ro b le m s  a r e  p r e s e n t e d  in  t h e  
l i t e r a t u r e .  The f i r s t ,  o l d e r  method i s  a m by n m a t r i x ,  w i t h  
f i x e d  c o s t s  g i v e n  a l o n g  t h e  r i g h t  hand s i d e .  The sec ond ,  
more r e c e n t  t e x t b o o k  p r e s e n t a t i o n  t r a n s p o s e s  t h e  m a t r i x  by 
i n t e r c h a n g i n g  rows and co lum ns .  T h i s  p u t s  t h e  f i x e d  c o s t s  
a l o n g  t h e  bo t to m  row. An exa m p le  o f  each method f o l l o w s .
A s m a l l  sam ple  lo c k b o x  p ro b le m  ( S a l k i n  19 7 5 ,  4 9 4 )  
f o l l o w s  i n  i t s  s t a n d a r d  m a t r i x  fo rm  (m rows and n co lu m n s ,  o r  
7 by j ) . Lockboxes a r e  a l o n g  t h e  s i d e  ( m) and r e g i o n s  on t h e  
t o p  ( n ) .
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V a r i a b l e  C o sts
F ix e d
Lockbox R eg ion  1 R eg io n  2 Reg ion  3 Reg ion 4 C o s ts
1 2 0 0 2 0 0 1050 1200 450
2 1 0 0 150 1200 1400 400
3 300 1 0 0 750 2000 500
The same sample lo c k b o x  p r o b le m ,  t r a n s p o s e d , i s :
C o s ts Regi  on Lockbox 1 Lockbox 2 Lockbox 3
V a r i a b l e  1 2 0 0 1 0 0 300
2 2 0 0 150 1 0 0
3 1050 1 2 0 0 750
4 1 2 0 0 1400 2 0 0 0
Fi  xed 450 400 500
T h i s  s ec o n d ,  more r e c e n t  a p p ro a c h  t o  lo c k b o x  p ro b le m s  
s i m p l y  t r a n s p o s e s  t h e  m a t r i x .  The o l d  f i r s t  row i s  now t h e  
new f i r s t  co lum n.  T h i s  t r a n s p o s e d  m a t r i x  i s  now n by m ( o r  j  
by 7 ) .  R e g io n s  a r e  now a l o n g  t h e  s i d e  ( n)  and lo c k b o x e s  on 
t h e  t o p  ( m) .  F i x e d  c o s t s  a r e  v i s i b l e  a lo n g  t h e  b o t to m  row.  
T h i s  second a p p r o a c h ,  w h i l e  c o n f u s i n g  a t  f i r s t ,  i s  a n o t h e r
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way lo c k b o x  p ro b lem s  a r e  p r e s e n t e d  i n  t h e  l i t e r a t u r e  and t h e  
Appendi x .
The s t a n d a r d  m a t h e m a t ic a l  f o r m u l a t i o n  o f  e i t h e r  lo c k b o x  
p ro b le m  i s  t h e  same:
min z = 200x^ + 2 0 0 x 12 + 1 0 5 0 x 12 + 1 2 0 0x 14 + 100x21 + 150x2, 
+ 1 2 0 0 x22 + 1 4 0 0 x 2̂ + 3 0 0 x 2| + 1 0 Ox^ + 7 5 0 x 22 + 2 0 0 0 x^
s. t.
+ 4 5 0 y 1 + 400y, + 5 0 0 y 3
X 11 + X21 + X31
- 1
x 12 + x 22 + x32 = 1’
x 13 + x23 + x33
- 1
x 14 + x24 + x34 = 1
X 11 + x 12 + x13 + x 14 -  4y, < 0
X21 + x 22 + x23 + x24 -  4y, < 0
X31 + x32 + x33 + x34 -  4y 3 < 0
The sam ple  p ro b le m  has 3 p o s s i b l e  lo c k b o x  l o c a t i o n s  ( m) .  
T h e r e  a r e  4 r e g i o n s  ( n ) .  I t  f o l l o w s  t h a t  t h e r e  a r e  m *  n + m 
( 3 * 4 + 4 = 16)  v a r i a b l e s  and m + n ( 3 + 4 = 7 )  c o n s t r a i n t s .  
The o p t i m a l  s o l u t i o n  t o  t h i s  sam ple  p ro b le m  i s  
z -  3 , 1 0 0
X 11 =   ̂ ’ x 12 =   ̂ ’ x 13 =   ̂ ’ x 1 4  =  ^
y, = 1
a l l  o t h e r  x ^ , = 0
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I n t e r p r e t i n g  t h i s  r e s u l t ,  t h e  minimum c o s t  ( z * )  i s  
$ 3 , 1 0 0 ,  and lo c k b o x  1 ( y ^  s h o u ld  be used f o r  r e g i o n s  1,  2 ,
3 ,  and 4 ( x n , x 12, x 13, and x 14) .
The e x p l i c i t  s e a r c h  f o r  t h i s  o p t i m a l  z e r o - o n e  s o l u t i o n  
would  have 2 mn+lfl c o m b i n a t i o n s ,  o r  2 15 p o s s i b l e  b i n a r y  
s o l u t i o n s .  U s in g  an IBM PC r u n n i n g  STORM, t h i s  s m a l l  p rob lem  
t o o k  36 seconds ( s e e  C h a p t e r  3 ) .  For  l a r g e  p ro b le m s  t h e  
s e a r c h  f o r  t h e  o p t i m a l  z e r o - o n e  s o l u t i o n  can t a k e  a long  
t i  me.
The run t i m e  r e q u i r e d  t o  s o l v e  lo c k b o x  p ro b le m s  i s  t h e  
main fo c u s  o f  t h i s  r e s e a r c h . T w e lv e  sam ple  p ro b le m s  w ere  run  
u s in g  t h r e e  d i f f e r e n t  o b j e c t i v e  f u n c t i o n  c o n f i g u r a t i o n s ,  
t h r e e  d i f f e r e n t  c o m p u te r  p l a t f o r m s  ( f r o m  p e r s o n a l  com pu ters  
t o  a m a i n f r a m e ) ,  and u s in g  t h r e e  d i f f e r e n t  i n t e g e r  
program m ing c o d es .  Co m p ar iso ns  w ere  th e n  made. The  
o b j e c t i v e  was t o  t e s t  W o o l s e y ’ s h y p o t h e s i s  p r e s e n t e d  b e lo w .
A n n o t a t e d  B i b l i o g r a p h y
F o r m u l a t i n g  i n t e g e r  programming p ro b le m s  i s  one t h i n g ;  
s o l v i n g  i n t e g e r  program m ing p ro b le m s  i n  a r e a s o n a b l e  amount  
o f  t i m e  i s  a n o t h e r .  D u r in g  t h e  l i t e r a t u r e  s e a r c h  i t  a p p e a r e d  
t h e r e  a r e  two methods used t o  s o l v e  i n t e g e r  programming  
p ro b le m s  in  a r e a s o n a b l e  amount o f  t i m e .  The f i r s t ,  o l d e r  
method i n v o l v e s  r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  t o  d e c r e a s e  t h e  com pu ter  r u n n i n g  t i m e  o f  t h e
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e x i s t i n g  p r o b le m .  The sec ond ,  more r e c e n t  t e c h n i q u e  r e d u c e s  
t h e  s i z e  o f  t h e  p ro b le m  t o  be s o l v e d .
The i m p o r ta n c e  o f  o r d e r i n g  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  w h i l e  f o r m u l a t i n g  i n t e g e r  programming p ro b lem s  
f i r s t  a p p e a r e d  in  1974 when S t a n l e y  Z i o n t s  p roduced  t h e  f i r s t  
e d i t i o n  o f  L i n e a r  and I n t e g e r  P ro g ra m m in g . C h a p t e r  17 o f  
Z i o n t s ’ book was w r i t t e n  by D r .  R. E. D. Woolsey f ro m  t h e  
C o lo r a d o  School  o f  M in e s .  W o o l s e y ’ s c h a p t e r  was e n t i t l e d  
"Some P r a c t i c a l  A s p e c ts  o f  S o l v i n g  I n t e g e r  Programming  
P r o b le m s . "  I t  was i n  Z i o n t s ’ book t h a t  Woolsey f i r s t  
i n t r o d u c e d  h i s  c o n c e p t  o f  o r d e r i n g  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  when f o r m u l a t i n g  i n t e g e r  programming p r o b le m s .
The o r d e r i n g  o f  v a r i a b l e s  i n  b ranch  and bound  
methods can be p a r t i c u l a r l y  i m p o r t a n t ,  because  many 
o f  t h e  methods b ranch  on t h e  " n e x t "  f r e e  v a r i a b l e  
t h a t  i s  r e q u i r e d  t o  be an i n t e g e r .  T h e r e f o r e ,  
z e r o - o n e  v a r i a b l e s  s h o u ld  a p p e a r ,  f ro m  l e f t  t o  
r i g h t ,  i n  o r d e r  o f  i n c r e a s i n g  c o s t s  f o r  a 
m i n i m i z i n g  p ro b le m  . . . .  The p o s i t i o n i n g  o f  
v a r i a b l e s  i s  u n d o u b t e d l y  i m p o r t a n t  fo 'r  a l g o r i t h m s  
t h a t  b ran c h  on t h e  " n e x t "  i n t e g e r  . . .  ( Z i o n t s  197 4 ,
481 ) .
One y e a r  l a t e r  H a rv e y  S a l k i n  p u b l i s h e d  h i s  book,  I n t e g e r  
P r o g ra m m in g . Woolsey  w r o t e  a c h a p t e r  i n  S a l k i n s ’ 1975 book  
c a l l e d  "How t o  do I n t e g e r  Programming i n  t h e  Real  W o r l d . "  I n  
h i s  s e c t i o n  a b o u t  f o r m u l a t i n g  lo c k b o x  p ro b le m s  W oolsey  w r o t e  
i n  more d e t a i l  a b o u t  o r d e r i n g  o b j e c t i v e  f u n c t i o n  
c o e f f i  c i  e n t s :
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I f  we f o r m u l a t e d  t h e  . . .  p ro b le m  so t h a t  { t h e  
c o e f f i c i e n t s }  a r e  i n  i n c r e a s i n g  o r d e r  f ro m  l e f t  t o  
r i g h t ,  i t  w ould  be s i m p l e r  t o  v ie w  t h e  c o m b i n a t i o n s  
o f  s o l u t i o n s .  I f  t h e  i m p l i c i t  e n u m e r a t i o n  code we 
a p p l i e d  t o  t h e  p ro b le m  c o n s i d e r e d  f i x i n g  v a r i a b l e s  
f ro m  l e f t  t o  r i g h t  a l s o ,  i t  would  te n d  t o  f i r s t  
f i n d  a b i n a r y  s o l u t i o n  by a s s i g n i n g  e v e r y  c u s to m er  
t o  t h e  bank w i t h  t h e  s m a l l e s t  t o t a l  o f  f i x e d  and 
v a r i a b l e  c o s t s .  T h a t  i s ,  i t  would  a s s i g n  f i r s t  a l l  
t h e  c u s to m e rs  t o  t h e  bank w i t h  t h e  l e f t m o s t  f i x e d  
c h a r g e .  I t  would  t h e n  move r i g h t w a r d  t h r o u g h  t h e  
h i g h e r  f i x e d  c h a r g e s  i f  and o n l y  i f  t h e r e  e x i s t e d  
some c o m b i n a t i o n  o f  f i x e d  and v a r i a b l e  c h a r g e s  
c h e a p e r  th a n  t h e  p r e s e n t  s o l u t i o n .  I n  s h o r t ,  we 
have f o r c e d  t h e  e a r l y  s o l u t i o n s  t o  be "good" and 
th e n  t h e  r e m a i n in g  p o s s i b i l i t i e s  s h o u ld  be 
i m p l i c i t l y  e n u m e ra te d  q u i c k l y .  T h i s  i s  a b a s i c  
r u l e  w henever  we a r e  c o n f r o n t e d  w i t h  t h e  p ro b le m  o f  
s o l v i n g  an i n t e g e r  programming p ro b le m  on a 
e n u m e r a t i v e  cod e .  S im p ly  p u t ,  t h e r e  i s  l i t t l e  
q u e s t i o n  t h a t  r u n n i n g  t i m e  w i l l  be reduc ed  i f  we 
can s t a r t  o f f  w i t h  t h e  b e s t  p o s s i b l e  bound on t h e  
s o l u t i o n  ( S a l k i n  197 5 ,  5 1 3 ) .
I n  g e n e r a l  t e r m s ,  f o r  a m i n i m i z a t i o n  p r o b le m ,  Woolsey  
r e a r r a n g e s  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  f ro m  s m a l l e s t  
t o  l a r g e s t  v a l u e s .  T h i s  p r e p r o c e s s e d  p ro b le m  i s  th e n  f e d  t o  
an i n t e g e r  programming c o m p u te r  cod e .  W oolsey  s t a t e d  t h a t  
t h e  com pu te r  w i l l  s t a r t  w i t h  a "good" s t a r t i n g  s o l u t i o n ,  and 
r u n n i n g  t i m e  w i l l  be d e m o n s t r a b ly  re d u c e d .  H ow ever ,  Woolsey  
d i d  n o t  show any c o m p u t a t i o n a l  r e s u l t s .
The second method o f  s o l v i n g  i n t e g e r  p rogram m ing p ro b le m  
re d u c e s  t h e  s i z e  o f  t h e  p r o b le m  t o  be s o l v e d .  T h e r e  a r e  
t h r e e  a r t i c l e s  c o n c e r n i n g  methods o f  s i m p l i f y i n g  and r e d u c in g  
i n t e g e r  program m ing p r o b le m s .  Two a r t i c l e s  on s o l v i n g  l a r g e  
s c a l e  z e r o - o n e  p ro b le m s  a p p e a r e d  i n  O p e r a t i o n s  R e s e a rc h  in
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1983 and 198 5 ,  r e s p e c t i v e l y .  Both o f  t h e s e  a r t i c l e s  w ere  
recommended by Camm, R a t u r i , and T s u b a k i t a n i  in  t h e i r  1990  
I n t e r f a c e s  a r t i c l e ,  " C u t t i n g  B ig  M Down t o  S i z e . "
Two e x c e l l e n t ,  r e a d a b l e ,  a r t i c l e s  on how t o  
p r e p r o c e s s  i n t e g e r  program s a r e  C ro w d e r ,  Johnson,  
and Padberg  {C row der  198 3 ,  80 3 }  and Johnson,
K o s t r e v a ,  and Suhl {Johnson 198 5 ,  8 0 3 } .  I n  
a d d i t i o n  t o  d i s c u s s i n g  t h e  f i x i n g  o f  v a r i a b l e s  in  
more d e t a i l ,  each a r t i c l e  a l s o  d i s c u s s e s  
c o e f f i c i e n t  r e d u c t i o n ,  a t e c h n i q u e  w h ich  t i g h t e n s  
c o n s t r a i n t s  t o  f o r c e  t h e  f e a s i b l e  r e g i o n  o f  t h e  
l i n e a r  p rogram  t o  match t h a t  o f  t h e  i n t e g e r  p rogram  
more c l o s e l y  (Camm 19 9 0 ,  6 4 ) .
The t h i r d  a r t i c l e ,  p u b l i s h e d  in  198 3 ,  a p p e a r e d  i n  t h e  
L e c t u r e  N o te s  in  Economics and M a t h e m a t i c a l  S y s te m s . 
C o n t r i b u t i n g  t o  a s p e c i a l  vo lume e n t i t l e d  "Redundancy i n  
M a t h e m a t i c a l  Programming" H. Paul  W i l l i a m s  w r o t e  C h a p t e r  9 ,  
"A R e d u c t io n  P r o c e d u r e  f o r  L i n e a r  and I n t e g e r  Programming  
M o d e l s . "  W i l l i a m s  p r e f a c e s  h i s  c h a p t e r  as f o l l o w s :
A p r o c e d u r e  i s  d e s c r i b e d  f o r  s i m p l i f y i n g  
l i n e a r  and i n t e g e r  program m ing m o d e ls .  The  
p r o c e d u r e  p r e f o r m s  t e s t  w h ic h  may:
i .  D e t e c t  i n f e a s i b i l i t y  o r  w eakness;
i i .  D e t e c t  and remove w e a k ly  and s t r o n g l y  
r e d u n d a n t  c o n s t r a i n t s ;
i i i .  D e t e c t  s t r o n g l y  b i n d i n g  c o n s t r a i n t s  and 
remove them by a s u i t a b l e  a d j u s t m e n t  o f  t h e  
o b j e c t i v e  f u n c t i o n ;
i v .  F i x  v a r i a b l e  and remove them;
v .  R e p la c e  c o n s t r a i n t s  by s i m p l e  bounds;
v i . R e p la c e  columns by bounds on shadow  
p r i  c e s ;
v i i .  T i g h t e n  ( o r  r e l a x )  bounds on v a r i a b l e s  
and shadow p r i c e s .
T - 3 9 7 7
An i n t u i t i v e  e x p l a n a t i o n  i s  g i v e n  o f  a l l  t h e  t e s t s .
T h i s  i s  f o l l o w e d  by a d e t a i l e d  f l o w  c h a r t  o f  t h e
p r o c e d u r e  (Karwan e t  a l . 19 8 3 ,  8 7 ) .
These l a s t  t h r e e  a r t i c l e s  d e s c r i b e  d i f f e r e n t  ways t o  
r e d u c e  t h e  s i z e  o f  t h e  i n t e g e r  programming p ro b le m  t o  be 
s o l v e d .  None o f  t h e s e  methods a d d r e s s  r e o r d e r i n g  t h e  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  t o  red u c e  com pu te r  r u n n in g  
t i  me.
S u m m a r iz in g ,  t h e r e  a r e  two r e f e r e n c e s  i n  t h e  f i e l d  o f  
i n t e g e r  p rogram m ing ,  bo th  by W o o lsey ,  t h a t  co n c e rn  
r e o r d e r i n g  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  t o  red u c e  com pu ter  
r u n n i n g  t i m e .  And, as s t a t e d  e a r l i e r ,  Woolsey d i d  n o t  show 
any c o m p u t a t i o n a l  r e s u l t s  f o r  h i s  w o rk .
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C h a p t e r  2 
COMPUTER HARDWARE, SOFTWARE,
AND SAMPLE PROBLEMS
Sample P rob lem s
The l i t e r a t u r e  s e a r c h  y i e l d e d  t w e l v e  sample  lo c k b o x  
p r o b le m s .  Much o f  t h e  l i t e r a t u r e  r e f e r s  t o  p a r t i c u l a r  sam ple  
p ro b le m s  t h e  a u t h o r s  s o l v e d ,  b u t  most a u t h o r s  do n o t  
r e p r o d u c e  o r  r e f e r e n c e  t h e s e  sam ple  lo c k b o x  p ro b le m s  i n  t h e i r  
a r t i  c l e s .
The t w e l v e  p u b l i s h e d  sam ple  p ro b le m s  a r e  r e f e r e n c e d  and 
r e p r o d u c e d  in  t h e  A p p en d ix  t o  t h i s  t h e s i s ,  i n c l u d i n g  t h e i r  
m a t h e m a t i c a l  f o r m u l a t i o n .  These  sam ple  p ro b le m s  ra n g e  f ro m  
15 v a r i a b l e s  and 7 c o n s t r a i n t s  t o  a m a t r i x  t h a t  was 115 by 
2 7 .
The sam ple  p r o b le m  number,  r e f e r e n c e ,  s i z e ,  and o p t i m a l  
s o i u t i o n s  a r e  p r e s e n t e d  in  T a b l e  1
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T a b l e  1.  Sample Prob lem s
O p t im a l  S o l u t i o n s
P ro b lem  R e f e r e n c e ,  S i z e  ______________________
Number Page (m by n)  Lockbox C o st
1 H e s s e , 268 33 by 13 1 z - 276
2 H e s s e , 269 44 by 14 1 , 2 z - 610
3 H e s s e , 270 85 by 21 2 , 4 z = 410
4 H e s s e , 271 65 by 17 1 , 5 *z = 630
5 H e s s e , 271 1 15 by 27 4 , 5
*z = 933
6 H e s s e , 272 55 by 15 3 , 4 , 5 z = 232
7 H e s s e , 279 84 by 19 3 , 4 , 6 z = 244
8 Wi n s t o n , 372 2 0 by 8 1 , 3 z = 242
9 E r l e n k o t t e r ,  1000 45 by 13 4 , 5 z* = 1 ,2 3 5
1 0 S a l k i  n , 492 24 by 9 2 , 4 z ‘ = 1 , 4 9 0
1 1 S a l k i  n , 494 15 by 7 1 z* = 3 ,  100
1 2 S a l k i  n , 495 2 0 by 8 4 z* = 920
A l l  t w e l v e  p ro b le m s  w ere  run on t h r e e  d i f f e r e n t  com puter  
p l a t f o r m s  ( f r o m  p e r s o n a l  c o m p u te rs  t o  a m a i n f r a m e ) ,  u s in g  
t h r e e  d i f f e r e n t  i n t e g e r  program m ing co d e s .
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I n t e g e r  Programming Codes  
T h r e e  d i f f e r e n t  i n t e g e r  programming codes w ere  used t o  
s o l v e  t h e  sam ple  p r o b le m s :  STORM, LINDO, and H S /L P .  STORM 
and HS/LP use d i f f e r e n t  b ra n c h  and bound a l g o r i t h m s .  LINDO 
uses a v a r i a b l e  and s e t  based b r a n c h in g  a l g o r i t h m  o f  i t s  own 
d e s i  g n .
STORM. STORM P e r s o n a l  V e r s i o n  2 . 0 ,  Q u a n t i t a t i v e  M o d e l in g  f o r  
D e c i s i o n  S u p p o r t  i s  p u b l i s h e d  by H o ld e n - D a y ,  I n c .  STORM i s  
an i n t e g r a t e d  s o f t w a r e  package  c o n s i s t i n g  o f  t h e  most  
f r e q u e n t l y  used q u a n t i t a t i v e  m o d e l in g  t e c h n i q u e s  f o r  b u s in e s s  
and e n g i n e e r i n g  p ro b le m s  (Emmons 198 9 ,  1 ) .
STORM’ s I n t e g e r  Programming module uses t h e  b ran c h  and 
bound a l g o r i t h m ,  w i t h  r u n n i n g  t i m e  c o n t r o l l a b l e  by 
p r i o r i t i z i n g  v a r i a b l e s ,  l i m i t i n g  t h e  number o f  nodes  
s e a r c h e d ,  and a c c e p t a n c e  o f  a s u b o p t im a l  s o l u t i o n  (Emmons 
1 9 8 9 ,  8 2 ) .  The maximum p r o b le m  s i z e  f o r  t h e  P e r s o n a l  V e r s i o n  
o f  STORM 2 . 0  i s  l i m i t e d  t o  50 v a r i a b l e s  and 40 c o n s t r a i n t s  
(Emmons 198 9 ,  8 2 ) .
STORM ru n s  on any I B M - c o m p a t i b l e  p e r s o n a l  c o m p u te r ,  i s  
e a s y  t o  u se ,  and i s  d e f i n i t e l y  u s e r - f r i e n d l y .
L IND O . LINDO, now i n  i t s  f o u r t h  e d i t i o n ,  i s  p rodu ced  by 
LINDO S y stem s,  I n c . ,  o f  C h ic a g o ,  11 1 .  LINDO ( L i n e a r ,  
I n t e r a c t i v e ,  and D i s c r e t e  O p t i m i z e r )  i s  an i n t e r a c t i v e
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l i n e a r ,  q u a d r a t i c ,  and i n t e g e r  programming sys te m  w h ic h  i s  
d e s ig n e d  t o  be u s e f u l  t o  a w id e  range  o f  u s e r s  ( S c h r a g e  1989 ,  
1 ) .
LINDO uses a v a r i a b l e  and s e t  based b r a n c h in g  a l g o r i t h m  
o f  i t s  own d e s i g n .
The s e l e c t i o n  o f  t h e  v a r i a b l e  upon w h ic h  t o  
b ran c h  i s  b i a s e d  t o w a r d s  v a r i a b l e s  w h ic h :
1. have a f r a c t i o n a l  p a r t  c l o s e  t o  0 . 5 ,
2 . a p p e a r  e a r l y  i n  t h e  p ro b le m ,
3 .  cause a l a r g e  change i n  t h e  o b j e c t i v e  
f u n c t i o n  v a l u e  i f  t h e i r  v a l u e s  a r e  changed .
Super im posed  upon t h i s  v a r i a b l e  based  
b r a n c h i n g ,  LINDO may use a s e t  based b r a n c h i n g .
Suppose t h a t  i n  some I P ,  v a r i a b l e  X3,  X 7 , and X8
have v a l u e  z e r o  when s o l v e d  as an LP. I f  t h e
reduced  c o s t s  o f  t h e s e  v a r i a b l e s  a r e  l a r g e  
( s u g g e s t i n g  t h a t  t h e s e  v a r i a b l e s  s h o u ld  r e m a in  a t  
z e r o ) ,  LINDO may c r e a t e  two new s u b p ro b le m s  by 
a l t e r n a t e l y  a d d in g  t h e  M a r t i n  (d u e  t o  K ipp  M a r t i n )  
c u t s :  X3 + X7 + X8  = 0 o r  X3 + X7 + X8  > 1 ( S c h r a g e  
19 8 9 ,  3 8 ) .
L INDO’ s b r a n c h in g  a l g o r i t h m  i s  u n iq u e  t o  LINDO, and w h ic h  
a l g o r i t h m  LINDO i s  u s in g  i s  n o t  t r a n s p a r e n t  t o  t h e  u s e r .
S t u d e n t  LINDO/PC a l l o w s  f o r  60 c o n s t r a i n t  rows and a 
maximum v a r i a b l e  l i m i t  o f  1 2 0  v a r i a b l e s  ( 1 0 0  o f  w h ic h  may be 
i n t e g e r )  ( S c h r a g e  198 9 ,  1 ) .
LINDO runs  on p e r s o n a l  co m p u te rs  and m a i n f r a m e s ,  and i s  
s i m p l e  t o  use;  a f t e r  b e g i n n i n g  t h e  program  you m e r e l y  t y p e  in  
yo u r  f o r m u l a t e d  p r o b le m .  Once a g a i n ,  L INDO’ s b r a n c h in g  
a l g o r i t h m  i s  u n iq u e  t o  LINDO.
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H S /L P . H a v e r l y  S y s te m s ’ L i n e a r  Programming System i s  a 
sys tem  t o  s o l v e  l a r g e  l i n e a r  programming m o d e ls .  W i t h  t h e  
o p t i o n a l  a u x i l i a r y  mixed i n t e g e r  m odu le ,  HS/LP can h a n d le  
mixed i n t e g e r  LP p ro b le m s  and b i n a r y  ( 0 - 1 )  v a r i a b l e s .
H S /L P ’ s u n d e r l y i n g  s o l u t i o n  method i s  b ranch  and bound 
( H a v e r l y  198 5 ,  C - 1 ) ,  b u t  n o t  a p u re  b ran c h  and bound as found  
i n  STORM. HS/LP o p t i m i z e s  each  node e x p l o r e d  u s in g  a 
p a r a m e t r i c  a l g o r i t h m .  When i t  i s  d e t e r m in e d  t h a t  a node 
c a n n o t  l e a d  t o  an i n t e g e r  f e a s i b l e  s o l u t i o n  b e t t e r  th a n  t h e  
c u r r e n t  b e s t ,  i t  i s  " c u t  o f f "  and w i l l  n o t  be e x p l o r e d  
f u r t h e r  ( H a v e r l y  19 8 5 ,  2 - 2 0 ) .  HS/LP a l s o  uses a p e n a l t y  
e s t i m a t i o n  w h ic h  a l l o w s  t h e  b ran c h  t o  be c u t  o f f  a t  t h e  
e a r l i e s t  p o s s i b l e  o p p o r t u n i t y  ( H a v e r l y  198 5 ,  C - 1 ) .
H a v e r l y  Systems has made HS/LP a v a i l a b l e  t o  C o lo r a d o  
School  o f  M ines  f o r  e d u c a t i o n a l  u se .  HS/LP i s  on t h e  CSM VAX 
8 60 0  M a in f r a m e ,  r u n n i n g  u n d er  VMS V 5 . 2 .  For  a co m p u te r  w i t h  
word l e n g t h  o f  32 b i t s ,  as i s  t h e  CSM VAX, t h e  maximum 
p ro b le m  s i z e  i s  3 2 , 0 0 0  v a r i a b l e s  and 8 , 1 9 2  rows ( H a v e r l y  
1 9 8 5 ,  1 - 1 ) .
HS/LP i s  n o t  u s e r - f r i e n d  1y ; p r o p e r l y  f o r m a t t i n g  and 
e n t e r i n g  a p r o b le m  i s  p a i n s t a k i n g .  N e v e r t h e l e s s ,  HS/LP i s  
one o f  t h e  few  p rogram s c a p a b l e  o f  s o l v i n g  l a r g e  l i n e a r  and 
i n t e g e r  p rogram m ing m od e ls .
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Computer  P l a t f o r m s  
T h r e e  d i s s i m i l a r  c o m p u te r  p l a t f o r m s  w ere  used t o  run t h e  
t h r e e  i n t e g e r  programming cod es;  an IBM PC, a COMPAQ 386s PC, 
and t h e  C o lo r a d o  School  o f  M ine s  VAX 8600 m a in f r a m e .
IBM PC. The IBM PC used f o r  r u n n i n g  STORM and LINDO i s  
l o c a t e d  in  Room 102 S t r a t t o n  H a l l .  T h i s  o r i g i n a l  ( 1 9 8 2 )  IBM 
PC has been s l i g h t l y  m o d i f i e d .  I t  has a NEC V20 main  
p r o c e s s o r  and an I n t e l  8087 c o p r o c e s s o r .  STORM V e r s i o n  2 . 0  
w i l l  a u t o m a t i c a l l y  use a math c o p r o c e s s o r  (Emmons 19 8 9 ,  i i i ) ;  
LINDO ( F o u r t h  E d i t i o n )  does n o t  ( S c h r a g e  198 9 ,  1 ) .
Based on t h e  N o r t o n  U t i l i t i e s  System I n f o r m a t i o n  
p e r f o r m a n c e  t e s t s  t h i s  IBM PC has a .C o m p u t in g  I n d e x  ( C l )  o f  
1 . 8 ,  a D is k  I n d e x  ( D I )  o f  2 . 6 ,  and an o v e r a l l  P e r fo r m a n c e  
I n d e x  ( P I )  o f  2 . 0 .  These t e s t  r e s u l t s  a r e  r e p o r t e d  as  
i n d e x e s  r e l a t i v e  t o  t h e  ( 8 0 8 8 - b a s e d )  IBM PC-XT ( w i t h  t h e  XT 
as 1 . 0 )  ( N o r t o n  198 8 ,  1 9 0 ) .
COMPAQ 386s  PC. A COMPAQ 386s  was a l s o  used f o r  r u n n i n g  t h e  
P e r s o n a l  V e r s i o n  o f  STORM 2 . 0  and LINDO ( F o u r t h  E d i t i o n ) .  I t  
has an I n t e l  386s  main p r o c e s s o r ,  and no c o p r o c e s s o r .  As 
s t a t e d  a b o v e ,  STORM w i l l  use a math c o p r o c e s s o r  (Emmons 198 9 ,  
i i i ) ;  LINDO does n o t  ( S c h r a g e  19 8 9 ,  1 ) .
The COMPAQ 386s  has a N o r t o n  C l  o f  1 5 . 6 ,  D I  o f  3 . 4 ,  and 
P I  o f  1 1 . 5 ,  r e l a t i v e  t o  an IBM PC-XT.
T - 3 9 7 7 18
VAX 8600  M a i n f r a m e . N o r t o n  U t i l i t i e s  does n o t  make a System  
I n f o r m a t i o n  p e r f o r m a n c e  t e s t  f o r  m a in f r a m e  c o m p u te r s .  
M e a s u r in g  m a in f r a m e  p e r f o r m a n c e  i s  n o t  as s t r a i g h t f o r w a r d  as  
p e r f o r m a n c e  t e s t s  on s t a n d - a l o n e  p e r s o n a l  c o m p u te r s .
One measure o f  com pu te r  p e r f o r m a n c e  i s  p r o c e s s o r  speed ,  
measured in  M i l l i o n s  o f  I n s t r u c t i o n s  P e r  Second ( M I P S ) .  The  
VAX 8600 p r o c e s s o r  p r o v i d e s  up t o  4 . 2  t i m e s  t h e  p e r f o r m a n c e  
o f  t h e  V A X - 1 1 / 7 8 0  ( D i g i t a l  198 5 ,  1 - 2 3 ) .  The V A X - 1 1 / 7 8 0  
p r o c e s s e s  up t o  one m i l l i o n  VAX i n s t r u c t i o n s  p e r  sec ond ,  
e q u i v a l e n t  t o  1 MIP ( K a ta  M c C a r v i l l e ,  18 F e b r u a r y  1 9 9 1 ) .  I t  
f o l l o w s  t h a t  t h e  VAX 8600  has a p r o c e s s i n g  speed o f  4 . 2  M IPS.
The C o lo r a d o  School  o f  M ine s  VAX 8600  runs  und er  t h e  VMS 
V e r s i o n  5 . 2  o p e r a t i n g  s y s te m .
T w e lv e  sam ple  p ro b le m s  w ere  run on t h r e e  d i f f e r e n t  
c o m p u te r  p l a t f o r m s  u s in g  t h e  t h r e e  p r e v i o u s l y - d e s c r i b e d  
i n t e g e r  program m ing c o d es .  The t i m e  r e q u i r e d  t o  run each  
p ro b le m  was r e c o r d e d .  C h a p t e r  3 w i l l  d e m o n s t r a t e  t h a t  t h e  
c o m p u te r  t i m e  r e q u i r e d  t o  s o l v e  i n t e g e r  program m ing p ro b lem s  
can be n o t i c e a b l y  red u c ed  by s i m p l y  r e a r r a n g i n g  t h e  o b j e c t i v e  
f u n c t i o n  c o e f f i c i e n t s .
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C h a p t e r  3 
COMPUTER RUNNING TIME RESULTS
O v e r v i  ew
U s ing  STORM’ s b ran c h  and bound a l g o r i t h m ,  and r u n n i n g  on 
a p e r s o n a l  c o m p u te r ,  C h a p t e r  T h r e e  documents a r e d u c t i o n  in  
c o m p u te r  r u n n in g  t i m e  r a n g i n g  f ro m  0 % t o  18% on t w e l v e  sample  
p ro b le m s  by r e a r r a n g i n g  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s ,  
f ro m  s m a l l e s t  t o  l a r g e s t .  LINDO, a l s o  r u n n i n g  on a p e r s o n a l  
c o m p u te r ,  d i d  n o t  respond  t o  a r e o r d e r i n g  o f  t h e  o b j e c t i v e  
f u n c t i o n  c o e f f i c i e n t s .  The t h i r d  i n t e g e r  programming code ,  
H S /L P ,  gave u n p r e d i c t a b l e  r e s u l t s .  U s in g  HS/LP com pu te r  
r u n n i n g  t i m e  ranged  f ro m  -13% t o  +13% when t h e  o b j e c t i v e  
f u n c t i o n  c o e f f i c i e n t s  w ere  a r r a n g e d  f ro m  s m a l l e s t  t o  l a r g e s t .
I f  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  a r e  r e a r r a n g e d  
f ro m  s m a l l e s t  t o  l a r g e s t  by r e g i o n ,  o r  row, t h i s  t h e s i s  
d i s c o v e r e d  a g r e a t e r  r e d u c t i o n  i n  com pu te r  r u n n i n g  t i m e  u s in g  
STORM ( f r o m  0% up t o  28% ) .  U s in g  LINDO and r e a r r a n g i n g  t h e  
o b j e c t i v e  f u n c t i o n  by r e g i o n  gave t h e  same r e s u l t s  as b e f o r e ;  
t h e r e  was n o t  a u n i f o r m  d e c r e a s e  i n  c o m p u te r  r u n n i n g  t i m e .
For  some p ro b le m s  r u n n i n g  t i m e  i n c r e a s e d .  HS/LP a l s o  gave  
t h e  same u n p r e d i c t a b l e  r e s u l t s ,  r a n g i n g  f ro m  -13% t o  +20% 
t i m e  s a v i n g s  when t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  w ere  
r e o r d e r e d  f ro m  s m a l l e s t  t o  l a r g e s t  by r e g i o n ,  o r  row.
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O b j e c t i v e  F u n c t i o n  F o r m u l a t i o n  
Each o f  t h e  t w e l v e  sam ple  p ro b lem s  were run u s in g  t h r e e  
d i f f e r e n t  o b j e c t i v e  f u n c t i o n  f o r m u l a t i o n s .  The f i r s t  
f o r m u l a t i o n  i s  t h e  s t a n d a r d  m a t h e m a t ic a l  f o r m u l a t i o n  
p r e s e n t e d  in  C h a p t e r  1 and l i s t e d  in  t h e  A p p e n d ix .  The  
second method was f i r s t  p roposed  by Woolsey i n  1974 ( Z i o n t s  
197 4 ,  4 8 1 ) .  T h i s  method r e a r r a n g e s  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  f ro m  s m a l l e s t  t o  l a r g e s t  v a r i a b l e  c o s t s  ( x ^ )  and 
f i x e d  c o s t s  ( y ̂ ) .  The t h i r d  f o r m u l a t i o n ,  and t h e  r e a l  t o p i c  
o f  t h i s  t h e s i s ,  i s  t h e  r u n - t i m e  e x p e r i m e n t  t h a t  r e a r r a n g e s  
t h e  o b j e c t i v e  f u n c t i o n  f ro m  s m a l l e s t  t o  l a r g e s t  x^ and ŷ  by 
r e g i o n . o r  row.
S t a n d a r d  F o r m u l a t i o n . A s m a l l  sam ple  p ro b le m  ( S a l k i n  197 5 ,  
4 9 4 )  was i n t r o d u c e d  in  C h a p t e r  1.  The o b j e c t i v e  f u n c t i o n  o f  
t h e  o r i g i n a l  lo c k b o x  p ro b le m  was:
min z = 200XH + 2 0 0 x 12 + 1 0 5 0 x 13 + 1200X |4 + 100x21 + 15 0 x 22
+ 1 2 0 0 x 22 + 1 4 0 0 x 2̂ + 3 0 0 x 2! + 1 OOx32 + 7 5 0 x 33 + 2 0 0 0 x^
+ 450y!  + 4 0 0 y 2 + 5 0 0 y 3
S m a l l e s t  t o  L a r g e s t  x ^ V a l u e s . R e a r r a n g i n g  t h e  o b j e c t i v e  
f u n c t i o n  c o e f f i c i e n t s ,  f ro m  t h e  s m a l l e s t  t o  l a r g e s t  x^ 
( v a r i a b l e  c o s t s )  and ŷ  ( f i x e d  c o s t s ) ,  t h e  o b j e c t i v e  f u n c t i o n  
i s :
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min z = 100x 21 + 100x 32 + 1 5 0x22 + 2 0 0 x 11 + 2 0 0 x 12 + 3 0 0 x 3|
+ 7 5 0 x 23 + 1050x^2 + 1 2 0 0 X |4 + 1 2 0 0 x 22 + 1400x24
+ 2 0 0 0 x34 + 4 0 0 y 2 + 450y|  + 5 0 0 y 2
S m a l l e s t  t o  L a r g e s t  x ^ V a l u e s ,  By R e g i o n . T h i s  method  
r e a r r a n g e s  t h e  o b j e c t i v e  f u n c t i o n  f ro m  s m a l l e s t  t o  l a r g e s t  x^ 
and ŷ  by r e g i o n ,  o r  row. E x p l a i n i n g  f u r t h e r ,  t h e  v a r i a b l e  
c o s t s  f o r  r e g i o n  one lo c k b o x e s  a r e  a r r a n g e d  f ro m  s m a l l e s t  t o  
l a r g e s t ,  t h e n  t h e  v a r i a b l e  c o s t s  f o r  r e g i o n  two a r e  a r r a n g e d  
f ro m  s m a l l e s t  t o  l a r g e s t ,  e t c . ,  and f i n a l l y  t h e  f i x e d  c o s t s  
f o r  each lo c k b o x  a r e  a r r a n g e d  f ro m  s m a l l e s t  t o  l a r g e s t .
R e a r r a n g i n g  o u r  s m a l l  sample  p ro b le m  f ro m  s m a l l e s t  t o  
l a r g e s t  v a r i a b l e  c o s t s  ( X j j ) and f i x e d  c o s t s  ( y , ) , .  b y , r e g i o n , 
t h e  o b j e c t i v e  f u n c t i o n  i s  now:
min z = 100x2| + 2 0 0 X44 + 3 0 0 x 31 + IOOX3, + 1 50x22 + 2 0 0 x 12
+  75OX33 + 1 0 5 0 x 3̂ +  1 2 0 0 x 23 +  1 200x^4 +  1 4 0 0 x 24
+ 2 OOOX34 + 4 0 0 y 2 + 450y4 + 5 0 0 y 2
Computer  Running  T im e .  STORM 2 . 0  
As s t a t e d  in  C h a p t e r  2 ,  a s l i g h t l y  m o d i f i e d  IBM PC was 
used f o r  r u n n i n g  STORM V e r s i o n  2 . 0 .  The c o m p u te r  r u n n in g  
t i m e s  l i s t e d  i n  t h i s  C h a p t e r  r e f l e c t  t h e  t w e l v e  sam ple  
p r o b le m s ,  each w i t h  t h e  t h r e e  d i f f e r e n t  o b j e c t i v e  f u n c t i o n  
f o r m u l a t i o n s  d e s c r i b e d  abo ve .
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M e a s u r in g  com pu te r  r u n n i n g  t i m e  u s in g  STORM r e q u i r e d  
w r i t i n g  a b a t c h  f i l e  and u s in g  a p rogram  a n i m a t o r .  STORM i s  
a menu d r i v e n ,  i n t e g r a t e d  s o f t w a r e  package  (Emmons 198 9 ,  1 ) .  
As suc h ,  i t  c a n n o t  be r u n ,  by i t s e l f ,  f ro m  w i t h i n  a b a t c h  
f i l e  t o  d e t e r m i n e  com pu ter  r u n n i n g  t i m e .  I n s t e a d ,  a PC 
M a g a z in e  u t i l i t y  named PAN (P ro g ra m  A N im a t o r )  was used t o  
a u to m a te  each sam ple  run (M a c le a n  1990 ,  2 5 3 ) .
A s t a n d a r d  b a t c h  f i l e  was used t o  r e s e t  t h e  i n t e r n a l  
c o m p u te r  c l o c k  p r i o r  t o  each sam ple  r u n .  T h i s  was done u s in g  
t h e  normal  MS-DOS TIME command ( W o l v e r t o n  1988 ,  4 5 5 ) .  PAN 
was th e n  c a l l e d  f ro m  w i t h i n  t h e  b a t c h  f i l e ,  t o  run each  
sam ple  p ro b le m  w i t h i n  STORM t h e  same way each t i m e .  PAN 
s t a r t e d  STORM, lo a d e d  a sam ple  p r o b le m ,  ran  t h e  sam ple  
p r o b le m ,  and t h e n  e x i t e d  STORM. F i n a l l y ,  t h e  b a t c h  f i l e  
d i s p l a y e d  t h e  e l a p s e d  c o m p u te r  r u n n i n g  t i m e .
T a b l e  2 shows t h e  c o m p u te r  r u n n i n g  t i m e s  and p e r c e n t a g e  
s a v i n g s  compared t o  t h e  s t a n d a r d  f o r m u l a t i o n  f o r  an IBM PC 
r u n n i n g  STORM 2 . 0 .
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T a b l e  2 .  Computer  Running Time R e s u l t s  
Com pute r :  IBM PC
S o f t w a r e :  STORM 2 . 0
Running  Time ( i n  se c o n d s )
S t a n d a r d  S m a l1 t o  S m a l1 t o  L a rg e
P ro b lem  F o r m u l a t i o n  L a rg e  x^y^ % By R eg io n  %
1 60 56 6.7% 54 o o as
2 417 342
asoCO 330 20.7%
3 N/A N/A N/A
4 N/A N/A N/A
5 N/A N/A N/A
6 N/A N/A N/A
7 N/A N/A N/A
8 87 77 11.5% 76 1 2 . 6 %
9 621 509 CD O * 450 27 .5%
1 0 74 6 6
as00o 6 6 1 0 . 8 %
1 1 36 36 o o as 35 2 . 8 %
1 2 1 1 1 0 9.1% 1 0 9.1%
N /A :  N o t  A v a i l a b l e .  The maximum p ro b le m  s i z e  ( v a r i a b l e s  by
c o n s t r a i n t s )  i s  50 by 40 i n  t h e  P e r s o n a l  V e r s i o n  o f  STORM 
(Emmons 19 8 9 ,  8 2 ) .
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As s t a t e d  in  C h a p t e r  2 ,  a COMPAQ 386s  was a l s o  used f o r  
r u n n i n g  STORM V e r s i o n  2 . 0 .  The com pu te r  r u n n in g  t i m e  u s in g  
t h i s  f a s t e r  com pu te r  f o r  t h e  same t w e l v e  sam ple  p ro b le m s  a r e  
shown i n  T a b l e  3 .
T a b l e  3 .  Computer  Running Time R e s u l t s  
Com puter:  COMPAQ 386s
S o f t w a r e :  STORM 2 . 0
Running  Time ( I n  Seconds)
Pro b lem
S t a n d a r d  
F o r m u l a t i  on
S m a l1 t o  
L a rg e  x jjyj %
S m a l1 t o  L a rg e  
XjjVj Bv R eg io n  %
1 9 9 0 . 0 % 8 1 1 . 1 %
2 59 49 17.0% 47 20 .3%
3 N/A N/A N/A
4 N/A N/A N/A
5 N/A N/A N/A
6 N/A N/A N/A
7 N/A N/A N/A
8 14 1 2
asCO 1 2 14.3%
9 93 77 17.2% 67 ro 00 o as
1 0 1 1 1 0 9.1% 1 0 9.1%
1 1 6 6
asoo 6 0 . 0 %
1 2 2 2
asoo 2
asoo
N /A :  N o t  A v a i l a b l e .  The maximum p ro b le m  s i z e  ( v a r i a b l e s  by
c o n s t r a i n t s )  i s  50 by 40 i n  t h e  P e r s o n a l  V e r s i o n  o f  STORM 
( Emmons 19 8 9 ,  8 2 ) .
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U s in g  an IBM PC o r  a COMPAQ 386s b o th  T a b l e  2 and T a b l e  
3 r e f l e c t  c o n s i s t e n t  r e s u l t s .  T h a t  i s ,  t h e  c o n c l u s i o n s  below  
a r e  m a c h i n e - i n d e p e n d e n t .
Both T a b l e s  show t h a t ,  u s in g  STORM’ s b ran c h  and bound 
a l g o r i t h m ,  com pu ter  r u n n in g  t i m e  may be reduc ed  when t h e  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  a r e  r e o r d e r e d .  As shown in  
T a b l e  2 and 3 ,  t h e  r e d u c t i o n  in  com pu te r  r u n n i n g  t i m e  range s  
f ro m  0 % up t o  a 18% by r e a r r a n g i n g  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  f ro m  s m a l l e s t  t o  l a r g e s t .  A g r e a t e r  r e d u c t i o n  
i n  com pu te r  r u n n in g  t i m e  when u s in g  STORM ( f r o m  0% up t o  28%) 
can be a c h ie v e d  i f  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  a r e  
r e o r d e r e d  f ro m  s m a l l e s t  t o  l a r g e s t  by r e g i o n
L a r g e r  i n t e g e r  program m ing p ro b le m s  showed t h e  g r e a t e s t  
r e d u c t i o n  in  com pu te r  r u n n i n g  t i m e .  S m a l l e r  i n t e g e r  
program m ing p ro b le m s  d e m o n s t r a t e d  l i t t l e ,  i f  a n y ,  r e d u c t i o n .  
Why i s  t h e r e  a d i f f e r e n c e ?
One e x p l a n a t i o n  may come f ro m  an a n a l y s i s  o f  how b ranc h  
and bound w o rk s .  Most  b ran c h  and bound codes s o l v e  t h e  
embedded l i n e a r  program m ing p r o b le m  f i r s t .  Then ,  i f  
r e q u i r e d ,  t h e  l i n e a r  r e l a x a t i o n  s u b p ro b le m s  o f  t h e  i n t e g e r  
program m ing p ro b le m  a r e  s o l v e d  ( t h e  a c t u a l  b r a n c h i n g  and 
b o u n d i n g ) .  I f  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  a r e  
r e o r d e r e d  f ro m  s m a l l e s t  t o  l a r g e s t  b ran c h  and bound w i l l  lo o k  
f i r s t  a t  t h e  te r m s  t h a t  a r e  c o n t r i b u t i n g  t h e  l e a s t  t o  t h e
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o b j e c t i v e  f u n c t i o n .  E x p l a i n i n g  t h e  d i f f e r e n c e  i n  com pu ter  
r u n n i n g  t i m e  t h e n  becomes a " c h i c k e n  o r  t h e  egg" p r o b le m .
A re  t h e  l a r g e r  p ro b le m s  s o l v e d  f a s t e r  because t h e  LP runs  
f a s t e r  o r  because  b r a n c h in g  i s  q u i c k e r  a f t e r  t h e  LP i s  
s o l v e d ?  T h i s  may a l s o  im p ly  t h a t  l i n e a r  programming p rob lem s  
would  b e n e f i t  f ro m  r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s .  F u r t h e r  r e s e a r c h  i s  needed t o  s u p p o r t  t h i s  
c o n j e c t u r e .
Computer  r u n n in g  t i m e  was a l s o  a f f e c t e d  by t h e  ran g e  o f  
t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s .  For  p ro b le m s  o f  s i m i l a r  
s i z e ,  i f  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  w ere  r e l a t i v e l y  
c l o s e  t o g e t h e r  t h e  p ro b le m  t o o k  l o n g e r  t o  s o l v e .  Those  
sam ple  p ro b le m s  w i t h  a l a r g e r  ran g e  o f  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  w ere  s o l v e d  more q u i c k l y .
Computer  Running  T im e .  LINDO ( F o u r t h  E d i t i o n )
LINDO ( F o u r t h  E d i t i o n )  was run on t h e  same two IBM-  
c o m p a t i b l e  p e r s o n a l  co m p u te rs  as STORM 2 . 0 .  Computer  r u n n in g  
t i m e  was measured d i r e c t l y  f o r  LINDO. LINDO can be run i n  a 
b a t c h  mode ( S c h r a g e  198 9 ,  2 8 ) ,  and a b a t c h  f i l e  ( T IM E R . BAT) 
was used t o  d e t e r m i n e  c o m p u te r  r u n n in g  t i m e  ( W o l v e r t o n  1986 ,  
8 6 ) .  The c o m p u te r  r u n n i n g  t i m e ,  i n  s e c o n d s ,  as w e l l  as t h e  
p e r c e n t a g e  s a v i n g s  compared t o  t h e  s t a n d a r d  f o r m u l a t i o n ,  a r e  
shown in  T a b l e  4 .  A n e g a t i v e  p e r c e n t a g e  i n d i c a t e s  t h a t  t h e  
co m p u te r  r u n n i n g  t i m e  i n c r e a s e d ,  o r  g o t  w o rs e .
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T a b l e  4 .  Computer  Running Time R e s u l t s  
Computer:  IBM PC
S o f t w a r e :  LINDO ( F o u r t h  E d i t i o n )
Running Time ( I n  Seconds)
S t a n d a r d  S m a l1 t o  S m a l1 t o  Large
P ro b lem  F o r m u l a t i o n  L a rg e  By R eg io n  %
1 96 93 3 .  1% 96
asoo
2 1 98 205 - 3  . 5% 206
as01
3 482 497 - 3 .  1% 495
asr"-04I
4 213 214 i o cn as 209 1 . 9%
5 N/A N/A N/A
6 703 590 1 6 . 1 * 628 10.7%
7 1 , 160 894 2 2 . 9 * 972 16.2%
8 74 74 0 . 0 % 74 0 . 0 %
9 181 180 o o> as 180 0 . 6 %
1 0 48 47 2 . 1 % 47 2 . 1 %
1 1 55 55 as
oo
55 0 . 0 %
1 2 2 2 2 2
asoo 2 2
asoo
N /A :  N o t  A v a i l a b l e .  The maximum p ro b le m  s i z e  o f  S t u d e n t
LINDO/PC i s  60 rows and 120 v a r i a b l e s .  S l a c k  v a r i a b l e s  c o u n t  
a g a i n s t  t h e  maximum v a r i a b l e  l i m i t  (S c h r a g e  19 8 9 ,  1 )
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U s in g  LINDO on a COMPAQ 386s  t h e  com puter  r u n n i n g  t i m e s  f o r  
t h e  t w e l v e  sample  p ro b le m s  and t h r e e  d i f f e r e n t  o b j e c t i v e  
f u n c t i o n  f o r m u l a t i o n s  a r e  shown i n  T a b l e  5.
T a b l e  5 .  Computer  Running Time R e s u l t s  
Computer:  COMPAQ 386s
S o f t w a r e :  LINDO ( F o u r t h  E d i t i o n )
Running Time ( I n  Seconds)
S t a n d a r d  S m a l1 t o  S m a l1 t o  L a rg e
Pro b lem  F o r m u l a t i o n  L a rg e  By R eg io n  %
1 13 12 7.7% 13 0.0%
2 26 27 -3.9% 27 i CO to
3 73 75 - 2 .7% 75 - 2 . 7 %
4 28 28 0.0% 27 3 . 6%
5 N/A N/A N/A
6 70 77 aeo01 82 - 1 7 . 1 %
7 151 117 22.5% 127 15.9%
8 10 10 0.0% 10 0.0%
9 24 23 4.2% 23 4.2%
10 6 6 0.0% 6 0.0%
1 1 7 7 0.0% 7 0.0%
12 3 3 0.0% 3 0.0%
N /A :  N o t  A v a i l a b l e .  The maximum p ro b le m  s i z e  o f  S t u d e n t
LINDO/PC i s  60 rows and 120 v a r i a b l e s .  S l a c k  v a r i a b l e s  c o u n t  
a g a i n s t  t h e  maximum v a r i a b l e  l i m i t  ( S c h r a g e  198 9 ,  1)
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Both T a b l e  4 and T a b l e  5 a g a i n  r e f l e c t  c o n s i s t e n t  
c o m p u te r  r u n n i n g  t i m e s ,  w h e t h e r  on a s l o w e r  IBM PC o r  f a s t e r  
COMPAQ 3 8 6 s .  When u s in g  LINDO on an IBM PC o r  COMPAQ 386s  
t h e r e  i s  n o t  a u n i f o r m  d e c r e a s e  i n  com pu ter  r u n n in g  t i m e  when 
t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  a r e  r e o r d e r e d .  For  some 
p ro b le m s  t h e  r u n n i n g  t i m e  i s  i n c r e a s e d .
As s t a t e d  i n  C h a p t e r  2 ,  LINDO uses a v a r i a b l e  and s e t  
based b r a n c h in g  a l g o r i t h m  o f  i t s  own d e s i g n .  L INDO’ s 
b r a n c h in g  a l g o r i t h m  i s  u n iq u e  t o  LINDO. Which a l g o r i t h m  
LINDO i s  u s in g  n o t  v i s i b l e  t o ,  and n o t  c o n t r o l l e d  by,  t h e  
u s e r .
L INDO’ s b r a n c h in g  a l g o r i t h m  makes r e o r d e r i n g  t h e  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  i r r e l e v a n t .
Computer  Running T im e .  VAX 8 6 0 0 .  HS/LP V e r s i o n  1 . 5 7 . A
H a v e r l y  S y s te m s ’ L i n e a r  Programming System ( H S /L P )  was 
run on t h e  C o lo r a d o  School  o f  M i n e s ’ VAX 8600  m a in f r a m e .
HS/LP i s  t y p i c a l l y  used t o  s o l v e  l a r g e  l i n e a r  and i n t e g e r  
program m ing m o d e ls .  H S /L P ’ s u n d e r l y i n g  s o l u t i o n  method i s  a 
m o d i f i e d  b ra n c h  and bound ( H a v e r l y  1985 ,  C - 1 ) .
I n  c o n t r a s t  t o  p e r s o n a l  co m p u te rs  used t o  run t h e  t h r e e  
p r e v i o u s  s o f t w a r e  p a c k a g e s ,  m a in f r a m e s  a r e  m u l t i - u s e r ,  m u l t i ­
t a s k ,  s y s te m s .  P r e c i s e l y  m e a s u r in g  com puter  r u n n i n g  t i m e  on 
a m u l t i - u s e r  sys tem  i s  d i f f i c u l t .  One reas o n  f o r  t h i s  
d i f f i c u l t y  i s  a m a i n f r a m e ’ s memory management.
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The v i r t u a l  memory management c a r r i e d  o u t  by 
t h e  VMS o p e r a t i n g  sys tem  a l l o w s  many p r o c e s s e s  t o  
s h a r e  t h e  p h y s i c a l  memory o f  t h e  m a c h in e .  T h i s  i s  
done by moving p o r t i o n s  o f  u s e r  p rogram s and d a t a  
i n  and o u t  o f  p h y s i c a l  memory ( t o  d i s k )  und er  t h e  
c o n t r o l  o f  t h e  o p e r a t i n g  sys te m .
The t o t a l  amount o f  p h y s i c a l  memory a l l o c a t e d  
t o  a p r o c e s s  i s  l i m i t e d ,  b u t  can f l o a t  be tw een an 
upper  bound and a lo w e r  bound based on sys tem  l o a d .  
Hence,  t h e  movement o f  p rogram s and d a t a  between  
t h e  p h y s i c a l  memory and d i s k  may be i n c r e a s e d  o r  
d e c r e a s e d ,  based on sys tem  l o a d .
Some o f  t h e  CPU t i m e  r e q u i r e d  f o r  t h e  memory 
management a c t i v i t i e s  i s  c h a rg e d  t o  t h e  p r o c e s s  
b e in g  managed. Some i s  c h a rg e d  a g a i n s t  sys tem  
p r o c e s s e s  (PAGER and SWAPPER) ( K a ta  M c C a r v i l l e ,  
A s s i s t a n t  D i r e c t o r  o f  t h e  CSM Academic Computing  
C e n t e r ,  F e b r u a r y  1,  1 9 9 1 ) .
I n  o t h e r  w ords ,  t h e  C e n t r a l  P r o c e s s o r  U n i t  (CPU) t i m e  
w i l l  v a r y  f ro m  run t o  r u n ,  based on a m y r ia d  o f  f a c t o r s  n o t  
c o n t r o l l e d  by t h e  u s e r .  C o n f i d e n c e  i n t e r v a l s ,  a s t a t i s t i c a l  
a n a l y s i s  t e c h n i q u e ,  w ere  em ployed  t o  e s t i m a t e  com pu ter  
r u n n i n g  t i m e  on t h i s  m u l t i - u s e r  s y s te m ,  t h e  C o lo r a d o  School  
o f  M i n e s ’ VAX 8600  m a in f r a m e .
C o n f i d e n c e  i n t e r v a l s  a r e  used t o  e s t i m a t e  t h e  a v e r a g e ,  
o r  mean, c o m p u te r  r u n n i n g  t i m e .
F r e q u e n t l y ,  we w is h  t o  know how l a r g e  a sample  
i s  n e c e s s a r y  t o  e n s u r e  t h a t  t h e  e r r o r  i n  e s t i m a t i n g  
M { t h e  mean} w i l l  be l e s s  th a n  a s p e c i f i e d  { e r r o r }  
amount e.  ( W a l p o l e  and M yers  198 9 ,  2 3 9 ) .
The r e q u i r e d  sam ple  s i z e  was c a l c u l a t e d  u s in g  t h e
f o l l o w i n g  f o r m u l a  f ro m  W a l p o le  and M yers  ( 1 9 8 9 ,  2 3 9 ) .
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V e y
w here  1 -  a = d e s i r e d  c o n f i d e n c e  i n t e r v a l  
n = r e q u i r e d  sam ple  s i z e  
z  a/2 = z  v a l u e  a t  a /  2
a = p o p u l a t i o n  s t a n d a r d  d e v i a t i o n  
e = s p e c i f i e d  amount o f  e r r o r  
For  p u rp o ses  o f  e s t i m a t i n g  t h e  mean ( p )  CPU r u n n i n g  t i m e  
a 95% c o n f i d e n c e  i n t e r v a l  ( z  = 1 . 9 6 )  was s e l e c t e d  w i t h  a 
s p e c i f i e d  amount o f  e r r o r  ( e )  o f  . 1 .  The p o p u l a t i o n  s t a n d a r d  
d e v i a t i o n  ( a )  came f ro m  a p r e l i m i n a r y  sam ple  o f  s i z e  n = 30 
t o  p r o v i d e  an e s t i m a t e  o f  a  ( W a l p o l e  and Myers  19 8 9 ,  2 3 9 ) .
S o l v i n g  f o r  n above i d e n t i f i e s  how l a r g e  a random sample  
s i z e  i s  r e q u i r e d  t o  be 95% c o n f i d e n t  t h a t  t h e  e s t i m a t e  o f  p 
( t h e  mean CPU r u n n i n g  t i m e )  i s  o f f  by l e s s  t h a n  .1 CPU 
s e c o n d s .  I n  some c a s e s  t h e  r e q u i r e d  sam ple  s i z e  was in  
e x c e s s  o f  75 m a in f r a m e  p ro b le m  r u n s .  The minimum n used f o r /
t h i s  t h e s i s  was 3 0 .  A n a r r o w e r  c o n f i d e n c e  i n t e r v a l  o r  
s m a l l e r  s p e c i f i e d  amount o f  e r r o r  w ould  i n c r e a s e  t h e  r e q u i r e d  
sam ple  s i z e ;  a w i d e r  c o n f i d e n c e  i n t e r v a l  o r  l a r g e r  s p e c i f i e d  
amount o f  e r r o r  w ould  d e c r e a s e  i t .
Two o t h e r  t e c h n i q u e s  w ere  a p p l i e d  t o  t h e  m a in f r a m e  
p r o b le m  r u n s .  A b a t c h  f i l e  was s e t  up t o  run each p r o b l e m ’ s 
t h r e e  d i f f e r e n t  o b j e c t i v e  f u n c t i o n  f o r m u l a t i o n s  i n  a
A1TMU1 LA O S LISBAMY 
C0L0ib!£>0 SCHOOL ok MINES 
GOLD1W, COLORADO 80401
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r e p e a t i n g ,  a l t e r n a t i n g  s e r i e s .  T h i s  reduced  any m u l t i - u s e r  
o r  m u l t i - t a s k  v a r i a t i o n  f ro m  run t o  r u n .  F u r t h e r ,  t h e  number  
o f  runs  was based upon t h e  1 a r g e s t  r e q u i r e d  sam ple  s i z e ,  
c a l c u l a t e d  ab o v e ,  f o r  each p r o b l e m ’ s t h r e e  o b j e c t i v e  f u n c t i o n  
f o r m u l a t i o n .  S a id  a n o t h e r  way,  t h e  one o b j e c t i v e  f u n c t i o n  
w i t h  t h e  l a r g e s t  s t a n d a r d  d e v i a t i o n  was used t o  d e t e r m i n e  t h e  
number o f  runs  f o r  a l l  t h r e e  o b j e c t i v e  f u n c t i o n  f o r m u l a t i o n s .
As in  t h e  f o u r  p e r s o n a l  com pu ter  r u n s ,  t h e  m a in f ra m e  
m u l t i - u s e r  runs  i n c l u d e d  t w e l v e  sample  p r o b le m s ,  and each o f  
t h e s e  t w e l v e  p ro b le m s  c o n s i s t e d  o f  t h r e e  d i f f e r e n t  o b j e c t i v e  
f u n c t i o n  f o r m u l a t i o n s .  The sam ple  mean ( x )  i s  used t o  
a p p r o x i m a t e  t h e  p o p u l a t i o n  mean ( p )  r u n n in g  t i m e s .  The  
sam ple  mean and s t a n d a r d  d e v i a t i o n  f o r  t h e  VAX 8 6 0 0 ,  r u n n in g  
H S /L P ,  a r e  shown i n  T a b l e  6 .
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T a b l e  6 . Computer  Running  Time R e s u l t s  
Com puter:  CSM VAX 8600 M a in f r a m e ,  VMS V 5 . 2
S o f t w a r e :  HS/LP System V e r s i o n  1 . 5 7 . A
Running  Time ( I n  CPU Seconds)
S t a n d a r d  Sm al l  t o  Sm al l  t o  L a rg e
P ro b le m  F o r m u l a t i o n  L a rg e  x^y^ % x^y^ By R eg io n  %
1 X = 2 . 3 8 7 X zr 2 . 0 9 8 1 2 . 1 % X ~ 1 .9 2 0 19.6%
s - . 126 s = . 108 s = .081
2 X - 3 . 2 1 5 X = 3 . 0 8 4 4 .1% X - 3 . 6 0 6 - 1 2 . 2 %
s = . 138 s = . 1 1 1 s = . 182
3 X = 4 . 3 8 1 X = 3 . 8 5 7
asoC\J X - 4 .  294 2 . 0 %
s - . 2 6 9 s = .2 6 7 s = . 3 1 3
4 X - 3 . 4 4 7 X = 3 .  103 1 0 . 0 % X = 3 .  346 2.9%
s - . 3 5 0 s = . 3 1 6 s - . 2 9 6
5 X - 6 . 3 8 9 X = 5 . 7 9 4 9.3% X = 6 . 7 4 7 - 5 . 6 %
s - .41 1 s = .4 0 8 s - . 4 4 4
6 X - 3 .  192 X = 3 . 2 2 8 - 1 . 1 % X = 4 . 8 0 9 - 5 .  1%
s = . 1 4 5 s = . 1 1 4 s = .0 4 2
7 X - 4 . 4 6 6 X = 3 .8 7 1 13.3% X = 4 . 2 9 6 CO 00 as
s = . 2 5 8 s = . 2 8 9 s = . 3 0 3
8 X = 2 . 5 2 8 X - 2 . 5 3 7 as01 X = 2 . 4 6 9 2.3%
s - . 0 9 6 s - . 0 9 6 s = . 0 9 3
9 X = 4 . 1 1 0 X = 4 . 0 3 5 1 .8% X = 4 .  184 i 00 as
s - . 193 s = . 1 8 7 s = . 1 9 9
1 0 X = 1 . 4 3 3 X = 1 . 4 8 9
ascnCOI X - 1 .4 9 0
as■’t01
s = . 174 s = . 1 3 4 s = . 159
1 1 X - 2 . 0 0 1 X = 1 .9 8 9 0 . 1 % X = 1 .801 1 0 . 0 %
s - . 1 2 0 s = . 1 1 5 s = .091
1 2 X - 1 . 3 3 0 X - 1 . 5 0 0 i ro 00 as X - 1 . 3 3 0 asoo
s — . 0 8 8 s = .071 s — . 0 9 3
N o t e : x = sam ple  mean
s = sam ple  s t a n d a r d  d e v i a t i o n
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When t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  w ere  a r r a n g e d  
f ro m  s m a l l e s t  t o  l a r g e s t ,  co m p u te r  r u n n i n g  t i m e  range d  f ro m  -  
13% t o  +13%. T h i s  ran g e  a p p e a r s  t o  be due t o  t h e  u n d e r l y i n g  
s o l u t i o n  method o f  H a v e r l y  S y s te m ’ s HS /LP .
As s t a t e d  e a r l i e r ,  HS/LP uses a m o d i f i e d  b ra n c h  and  
bound a l g o r i t h m  ( H a v e r l y  198 5 ,  C - 1 ) .  When HS/LP d e t e r m i n e s  
t h a t  a node c a n n o t  l e a d  t o  an i n t e g e r  f e a s i b l e  s o l u t i o n  
b e t t e r  t h a n  t h e  c u r r e n t  b e s t ,  i t  i s  “c u t  o f f "  and w i l l  n o t  be 
e x p l o r e d  f u r t h e r  ( H a v e r l y  19 8 5 ,  2 - 2 0 ) .  T h i s  i m p l i e s  t h a t  
H S /L P ,  w h i l e  n o t  u s in g  a p u re  b ran c h  and bound a l g o r i t h m ,  may 
b e n e f i t  f ro m  r e o r d e r i n g  o f  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  f ro m  s m a l l e s t  t o  l a r g e s t ,  as W oolsey  s u g g e s t s .  
When HS/LP b e g in s  w i t h  a good s t a r t i n g  s o l u t i o n  co m p u te r  
r u n n i n g  t i m e  s h o u ld  be r e d u c e d .  T a b l e  6  g e n e r a l l y  r e f l e c t s  
t h i s  c o n c l u s i o n .
T a b l e  6  a l s o  showed t h a t  l a r g e r  p ro b le m s  e x h i b i t e d  t h e  
g r e a t e s t  r e d u c t i o n  i n  com pu te r  r u n n i n g  t i m e  when t h e  
o b j e c t i v e  f u n c t i o n  i s  a r r a n g e d  f ro m  s m a l l e s t  t o  l a r g e s t .  The
s m a l l e r  p ro b le m s  d e m o n s t r a t e d  l i t t l e ,  i f  any r e d u c t i o n .  T h i s  
i s  c o n s i s t e n t  w i t h  t h e  STORM r e s u l t s  p r e s e n t e d  i n  T a b l e s  2 
and 3 .  STORM uses p u re  b ra n c h  and bound; HS/LP uses a 
m o d i f i e d  b ranch  and bound.
When t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  w ere  a r r a n g e d  
f ro m  s m a l l e s t  t o  l a r g e s t  by r e g i o n ,  o r  row, HS/LP e x h i b i t e d
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uneven im p ro v e m e n t ,  r a n g i n g  f ro m  -13% t o  +20%. By r e o r d e r i n g  
t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  f ro m  s m a l l e s t  t o  l a r g e s t  
by r e g i o n  t h e  com pu ter  s h o u ld  b e g in  w i t h  a " b e t t e r "  s t a r t i n g  
s o l u t i o n .  T h i s  r e o r d e r i n g  i s  based upon t h e  f i r s t  s e t  o f  
c o n s t r a i n t s  t h a t  HS/LP e n c o u n t e r s  ( t h e  e q u a l i t y  c o n s t r a i n t s )  
and r u n n in g  t i m e  s h o u ld  be re d u c e d .
I n  s h o r t ,  H a v e r l y  S y s te m ’ s HS/LP does n o t  use a pure  
bran c h  and bound a l g o r i t h m ,  w h ich  a p p e a r s  t o  a c c o u n t  f o r  t h e  
i n c o n s i s t e n t  re s p o n s e  t o  r e o r d e r i n g  o f  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s .  L a rg e  p ro b lem s  run on HS/LP may b e n e f i t  f ro m  
r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s .
Computer  Running  T im e .  VAX 8 6 0 0 .  HS/LP V e r s i o n  1 . 5 7 . A,
E l e v a t e d  P r i o r i t y  
Through a s p e c i a l  a r r a n g e m e n t  w i t h  D e re k  W i ls o n  and K a ta  
M c C a r v i l l e  o f  t h e  C o lo r a d o  School  o f  M ine s  Academic Computing  
C e n t e r  an e l e v a t e d  p r i o r i t y  run was made on t h e  CSM VAX 8 6 0 0 .  
The pu rp o se  o f  t h i s  e l e v a t e d  p r i o r i t y  run was t o  v a l i d a t e  t h e  
p r e v i o u s  use o f  c o n f i d e n c e  i n t e r v a l s .
A b a t c h  f i l e  c o n t a i n i n g  each  o f  t h e  t w e l v e  p r o b l e m s ’ 
t h r e e  d i f f e r e n t  o b j e c t i v e  f u n c t i o n  f o r m u l a t i o n s  was run on 
F e b r u a r y  1,  19 9 1 .  The r e s u l t s  o f  t h i s  e l e v a t e d  p r i o r i t y  run  
a r e  shown i n  T a b l e  7 .
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T a b l e  7 .  Computer  Running  Time R e s u l t s ,  E l e v a t e d  P r i o r i t y  
Computer:  CSM VAX 8600 M a in f r a m e ,  VMS V 5 . 2
S o f t w a r e :  HS/LP System V e r s i o n  1 . 5 7 . A
Running Time ( I n  CPU Seconds)
S t a n d a r d  S m a l1 t o  S m a l1 t o  La rge
0 cr —i fl> 3 F o r m u l a t i  on L a rg e  x i jy i % XijVi By R eq io n %
1 2 . 4 5 2 . 0 9 14.7% 2 . 0 1 18.0%
2 3 . 2 4 3 . 2 3 0.3% 3 . 5 7 1 0 . 2 %
3 5 . 9 0 5 . 0 9 13.7% 5 . 6 3 4.6%
4 3 . 8 7 3 . 3 6 13.2% 3 . 4 4 1 1 . 1 %
5 7 . 6 7 6 . 4 7 15.7% 7 . 9 0
0CO1
6 3 .4 1 3 . 1 3 8 . 2 % 3 . 3 0 3.2%
7 5 . 6 3 4 . 9 3 12.4% 5 . 6 7 - 0 . 7 %
8 2 . 5 6 2 . 4 9 2.7% 2 . 2 6 11.7%
9 4 . 3 2 4 . 5 9 - 6  . 3% 4 . 2 9 0.7%
1 0 1 . 6 3 1 . 5 8 3 .  1% 1 .7 5 - 7 . 4 %
1 1 2 . 0 7 1 .8 5 1 0 . 6 % 1 .7 3 16.4%
1 2 1 .3 7 1 . 4 8
0
 
co1 1 . 2 8 6 . 6 %
The a c t u a l  numbers r e c o r d e d  above on T a b l e  7 a r e  n o t  
i m p o r t a n t .  What i s  i m p o r t a n t  i s  t h e i r  r e l a t i o n s h i p  and  
m a g n i t u d e .  These v a l u e s  a r e  g e n e r a l l y  c o n s i s t e n t  ( w i t h i n  one
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s t a n d a r d  d e v i a t i o n )  t o  t h e  v a l u e s  o b t a i n e d  by m u l t i p l e  m u l t i ­
u s e r  com pu te r  r u n s ,  s u p p o r t i n g  t h e  use o f  c o n f i d e n c e  
i n t e r v a l s  on a m u l t i - u s e r ,  m u l t i - t a s k  sys te m .
The r e s u l t s  and c o n c l u s i o n s  o b t a i n e d  f ro m  t h i s  e l e v a t e d  
p r i o r i t y  run g e n e r a l l y  rem a in  t h e  same as t h o s e  e s t a b l i s h e d  
e a r l i e r  u s in g  c o n f i d e n c e  i n t e r v a l s .  The e l e v a t e d  p r i o r i t y  
com pu ter  r u n n in g  t i m e  when t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  w ere  a r r a n g e d  f ro m  s m a l l e s t  t o  l a r g e s t  ranged  
f ro m  - 8 % and +16% compared t o  t h e  s t a n d a r d  m a t h e m a t ic a l  
f o r m u l a t i o n .  When t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  were  
a r r a n g e d  f ro m  s m a l l e s t  t o  l a r g e s t  by r e g i o n ,  o r  row,  t h e  
ran g e  was betw een - 1 0 % and + 18%.
S u m m a r iz in g ,  H a v e r l y  S y s te m ’ s HS/LP uses a m o d i f i e d  
b ra n c h  and bound a l g o r i t h m ,  w h ic h  a p p e a r s  t o  a c c o u n t  f o r  t h e  
u n p r e d i c t a b l e  r e s p o n s e  t o  r e o r d e r i n g  o f  t h e  o b j e c t i v e  
f u n c t i o n  c o e f f i c i e n t s .  HS/LP may b e n e f i t  f ro m  r e o r d e r i n g  
t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s
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C h a p t e r  4
CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY
Why Does i t  Work?
For  i n t e g e r  programming codes t h a t  use a p u re  b ranch  and 
bound a l g o r i t h m  t h i s  t h e s i s  documents a r e d u c t i o n  i n  com puter  
r u n n i n g  t i m e  r a n g i n g  f ro m  0 % up t o  18% by r e a r r a n g i n g  t h e  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s ,  f ro m  s m a l l e s t  t o  l a r g e s t .
Why does t h i s  work?
D r .  R. E. D. Woolsey o f  t h e  C o lo r a d o  School  o f  M ines  
f i r s t  p roposed  r e o r d e r i n g  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  in  
Z i o n t s ’ 1974 book L i n e a r  and I n t e g e r  Programming ( 4 8 1 )  and a 
y e a r  l a t e r  in  S a l k i n ’ s book I n t e g e r  Programming ( 5 1 3 ) .  
How ever ,  Woolsey  d i d  n o t  show any c o m p u t a t i o n a l  r e s u l t s  f o r  
h i s  w o rk .  I n  I n t e g e r  Programming Woolsey e x p l a i n s  why 
o r d e r i n g  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  s h o u ld  red u c e  
c o m p u te r  r u n n in g  t i m e .
I f  t h e  i m p l i c i t  e n u m e r a t i o n  ( b r a n c h  and bound}  
code we a p p l i e d  t o  t h e  p r o b le m  c o n s i d e r e d  f i x i n g  
v a r i a b l e s  f ro m  l e f t  t o  r i g h t  a l s o ,  i t  wou ld  t e n d  t o  
f i r s t  f i n d  a b i n a r y  s o l u t i o n  by a s s i g n i n g  e v e r y  
cu s to m e r  t o  t h e  bank w i t h  t h e  s m a l l e s t  t o t a l  o f  
f i x e d  and v a r i a b l e  c o s t s .  T h a t  i s ,  i t  w ould  a s s i g n  
f i r s t  a l l  t h e  c u s to m e rs  t o  t h e  bank w i t h  t h e  
l e f t m o s t  f i x e d  c h a r g e .  I t  would  t h e n  move 
r i g h t w a r d  t h r o u g h  t h e  h i g h e r  f i x e d  c h a r g e s  i f  and  
o n l y  i f  t h e r e  e x i s t e d  some c o m b i n a t i o n  o f  f i x e d  and 
v a r i a b l e  c h a rg e s  c h e a p e r  th a n  t h e  p r e s e n t  s o l u t i o n .
I n  s h o r t ,  we have f o r c e d  t h e  e a r l y  s o l u t i o n s  t o  be 
■■good" and th e n  t h e  r e m a i n in g  p o s s i b i l i t i e s  s h o u ld
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be i m p l i c i t l y  en u m e ra te d  q u i c k l y . . . .  S im p ly  p u t ,  
t h e r e  i s  l i t t l e  q u e s t i o n  t h a t  r u n n in g  t i m e  w i l l  be 
reduced  i f  we can s t a r t  o f f  w i t h  t h e  b e s t  p o s s i b l e  
bound on t h e  s o l u t i o n  ( S a l k i n  1975 ,  5 1 3 ) .
When t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  w ere  r e a r r a n g e d
f ro m  s m a l l e s t  t o  l a r g e s t  by r e g i o n ,  o r  row, a g r e a t e r
r e d u c t i o n  in  com pu ter  r u n n in g  t i m e  when u s in g  b ranc h  and
bound ( f r o m  0% up t o  28%) was d i s c o v e r e d .  Why does
r e o r d e r i n g  by r e g i o n  work?
R e f e r r i n g  back t o  t h e  s m a l l  sam ple  p ro b le m  i n  C h a p t e r  1
( S a l k i n  1975 ,  4 9 4 ) ,  t h e  s t a n d a r d  m a t h e m a t ic a l  f o r m u l a t i o n  o f
t h i s  lo c k b o x  p ro b le m  was:
min z = 2 0 0 x 1j + 2 0 0 x 12 + 105 0 x 13 + 120 0x 14 + 100x21 + 150x,2
+ 1 2 0 0 x 22 + 140 0 x 24 + 300x^ + 1OOx^ + 7 50 x22 + 2 0 0 0 x 24
+ 4 5 0 y 1 + o o *< + 5 0 0 y 3
X 11 + X 21 + X 31 = 1
x 12 + x 22 + x 32 = 1
x 13 + x 23 + x 33 = 1
XU + x 24 + x 3 4 = 1
X 11 + x 12 + x 13 + x 14
>,i < 0
X 21 + x 22 + x 23 + x 24 -  4 y z < 0
X 31 + x 32 + x 33 + x 3 4 -  4 y 3
< 0
R e a r r a n g i n g  t h e  o b j e c t i v e  f u n c t i o n  o f  o u r  s m a l l  sam ple  
p r o b le m  f ro m  s m a l l e s t  t o  l a r g e s t  v a r i a b l e  c o s t s  ( x ^ )  and 
f i x e d  c o s t s  ( y p  by r e g i o n ,  o r  row, as e x p l a i n e d  e a r l i e r  in  
C h a p t e r  3 ,  t h e  new m a t h e m a t i c a l  f o r m u l a t i o n  i s :
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min z = 100x21 + 200X|| + 300 x3< + 100x32 + 1 50x22 + 2 0 0 x 12 
+ 7 5 0 x 33 + 1050X|3 + 1 2 0 0 x 23 + 1 200x^ + 1400x24 
+ 2 0 0 0 x 34 + 4 0 0 y 2 + 450y|  + 500y3
X 11 + X 21 + X 31 1
x 12 + x 22 + x 32 = 1
x 13 + x 23 + x 33 = 1
x 14 + x 24 + x 34 1
X 11 + x 12 + x 13 + x 14 -  4 y t < 0
X21 + X/)0L L + x 23 + x 2 4 -  4y 2 < 0
x 3 t + x 32 + x 33 + x 3 4 - < 0
L oo k in g  a t  t h e  f i r s t  s e t  o f  c o n s t r a i n t s ,  o b s e r v e  t h a t  
t h e y  a r e  a l l  e q u a l i t i e s ,  e q u a l  t o  one .  T h a t  i s ,  o n l y  one o f  
t h e  x ĵ v a l u e s  c o u ld  be one ,  t h e  r e s t  have t o  be z e r o .  I f  t h e  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  w ere  a r r a n g e d  f ro m  s m a l l e s t  
t o  l a r g e s t  by r e g i o n , each  e q u a l i t y  c o n s t r a i n t s  w ould  s t a r t  
w i t h  t h e  s m a l l e s t  v a r i a b l e  c o s t  by r e g i o n .  I n  t h e  exam ple  
above t h e  s m a l l e s t  x^ v a l u e ,  by r e g i o n ,  i s  x21, x 32 , x33 , and 
x 14.
C o n t i n u i n g ,  each  o f  t h e  e q u a l i t y  c o n s t r a i n t s  would  f i x  
each o f  t h e  s m a l l e s t  x^ v a l u e s ,  by r e g i o n ,  t o  on e .  The r e s t  
must be z e r o .
T h i s  t h e s i s  c o n t i n u a l l y  r e f e r r e d  t o  r e o r d e r i n g  t h e  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  by r e g i o n ,  o r  row. I t  i s
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r e a l l y  r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  based upon t h e  
eq u a l  i t v  c o n s t r a i n t s .  The key i s  t o  s o l v e  t h e  e q u a l i t i e s  
f i  r s t .
S u m m a r iz in g ,  t h i s  t h e s i s  s u p p o r t s  t h e  c o n c l u s i o n  t h a t ,  
p a r a p h r a s i n g  W o o ls e y ,  by r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  f ro m  s m a l l e s t  t o  l a r g e s t  by r e g i o n  t h e  com puter  
w i l l  s t a r t  w i t h  a " b e t t e r "  s t a r t i n g  s o l u t i o n .  T h i s  
r e o r d e r i n g  i s  based upon t h e  f i r s t  s e t  o f  c o n s t r a i n t s ,  t h e  
e q u a l i t y  c o n s t r a i n t s .  Running t i m e  w i l l  be red u c ed  because  
t h e  a l g o r i t h m  o n l y  has t o  check i f  t h e  s o l u t i o n  i s  g e t t i n g  
b e t t e r  o r  w o rs e ,  n o t  how much. I t  has t o  compare one number  
t o  a n o t h e r ,  and d e t e r m i n e  w h ich  one i s  b i g g e r .  C o m p ute rs ,  
and p e o p l e ,  can do t h i s  v e r y  q u i c k l y .
C o n c l u s i  ons
When u s in g  STORM’ s p u r e  b ran c h  and bound a l g o r i t h m  and 
r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  co m p u te r  
r u n n i n g  t i m e  was r e d u c e d .  As T a b l e  2 and 3 i n  C h a p t e r  3 
docum ented ,  t h e  r e d u c t i o n  i n  com pu te r  r u n n in g  t i m e  u s in g  
STORM range d  f ro m  0% t o  18% by r e a r r a n g i n g  t h e  o b j e c t i v e  
f u n c t i o n  c o e f f i c i e n t s  f ro m  s m a l l e s t  t o  l a r g e s t .  I f  t h e  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  w ere  r e a r r a n g e d  f ro m  s m a l l e s t  
t o  l a r g e s t  based on r e g i o n ,  o r  row, t h i s  t h e s i s  d i s c o v e r e d  a 
g r e a t e r  r e d u c t i o n  i n  com pu te r  r u n n i n g  t i m e  u s i n g  ( f r o m  0 % up
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t o  28%) when u s in g  STORM’ s s t a n d a r d  b ranch  and bound 
a l g o r i  thm.
When u s in g  LINDO, h o w e v e r ,  t h e r e  was n o t  a u n i f o r m  
d e c r e a s e  i n  com pu te r  r u n n i n g  t i m e  when t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  w ere  r e o r d e r e d .  For  some p ro b lem s  t h e  r u n n i n g  
t i m e  i n c r e a s e d .  T h i s  a p p e a r s  t o  be caused by L INDO’ s u n iq u e  
v a r i a b l e  and s e t  based b r a n c h in g  a l g o r i t h m s .  L INDO’ s 
b r a n c h in g  a l g o r i t h m  makes r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  i r r e l e v a n t .
Running on a m a in f r a m e ,  H a v e r l y  S y s te m s ’ HS/LP uses a 
m o d i f i e d  p u re  b ran c h  and bound a l g o r i t h m .  T h i s  a p p e a r s  t o  
a c c o u n t  f o r  t h e  u n p r e d i c t a b l e  res p o n s e  t o  r e o r d e r i n g  o f  t h e  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  f ro m  s m a l l e s t  t o  l a r g e s t ,  
r a n g i n g  f ro m  -13% t o  +13% when compared t o  t h e  s t a n d a r d  
m a t h e m a t i c a l  f o r m u l a t i o n .  When t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i c i e n t s  w ere  a r r a n g e d  f r o m  s m a l l e s t  t o  l a r g e s t  by 
r e g i o n ,  o r  row, t h e  ra n g e  was betw een  -12% and +20%. HS/LP  
may b e n e f i t  f ro m  r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i  c i  e n t s .
I n  o r d e r  t o  s u c c e s s f u l l y  im p le m e n t  t h e  t i m e  s a v i n g s  
d i s c o v e r e d  i n  t h i s  t h e s i s  t h e  co m p u te r  u s e r  must  know w hat  
i n t e g e r  program m ing a l g o r i t h m  t h e i r  s o f t w a r e  u s e s .  T h i s  i s  
fo u n d  i n  t h e  s o f t w a r e  d o c u m e n t a t i o n .  I f  t h e  s o f t w a r e  uses a 
p u r e  b ran c h  and bound a l g o r i t h m ,  com pu ter  r u n n i n g  t i m e  f o r
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some t y p e s  o f  i n t e g e r  programming p ro b le m s  may be reduced  
f ro m  0 % up t o  28% by r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  
c o e f f i  c i  e n t s .
S u g g e s t i o n s  f o r  F u r t h e r  S tu d y
T h i s  t h e s i s  c o n c e n t r a t e d  on t h e  im p o r ta n c e  o f  o r d e r i n g  
o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  when s o l v i n g  i n t e g e r  
programming p r o b le m s .  The method d e s c r i b e d  i n  t h i s  t h e s i s  i s  
g e n e r a l i z a b l e  t o  many o t h e r  t y p e s  o f  i n t e g e r  programming  
p r o b le m s .  One o f  t h e  most i m p o r t a n t  i s  t h e  L o r i  e -S a v a g e  
( 1 9 5 5 ,  2 2 9 )  f o r m u l a t i o n s  o f  c a p i t a l  b u d g e t in g  p r o b le m s .
These p ro b lem s  a t t e m p t  t o  m a x im iz e  t h e  n e t  p r e s e n t  v a l u e  o f  a 
group o f  a l t e r n a t i v e  i n v e s t m e n t  p o s s i b i l i t i e s  s u b j e c t  t o  a 
s e r i e s  o f  c o n s t r a i n t s  on c o r p o r a t e  b u r d e n ,  and d i f f e r e n t  
b u d g e ts  a v a i l a b l e .  Examples o f  t h e s e  p ro b le m s  may be found  
i n  Hesse ( 1 9 7 4 ,  2 6 3 ) ,  W in s to n  ( 1 9 8 7 ,  3 6 6 ) ,  and Z i o n t s  ( 1 9 7 5 ,  
3 8 5 )  .
A n o th e r  g roup o f  p ro b le m s  t h a t  may b e n e f i t  f ro m  t h e  
a p p l i c a t i o n  o f  r e o r d e r i n g  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  
i s  d i s t r i b u t i o n / a l l o c a t i o n  p r o b le m s .  One im m e d ia te  exam ple  
i s  t h a t  o f  d i s t r i b u t i n g  a m i n e r a l  r e s o u r c e  f ro m  many 
p r o d u c t i o n  f a c i l i t i e s  t o  many demand p o i n t s ,  w i t h  upp er  and  
l o w e r  bounds on t h e  f l o w s .  These a r e  a l s o  known as t h e  
c a p a c i t a t e d  n e t w o r k  f l o w  p r o b le m s .  These p ro b le m s  a r e
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p a r t i c u l a r l y  d i f f i c u l t  t o  s o l v e  when t h e r e  a r e  d i f f e r e n t  
c o s t s  f o r  d i f f e r e n t  l e v e l s  o f  demand.
The im p o r ta n c e  o f  o r d e r i n g  c o n s t r a i n t s  i n  i n t e g e r  
program m ing p ro b le m s  i s  a n o t h e r  a r e a  f o r  s t u d y .  T h i s  i d e a  
f i r s t  a p p e a r e d  in  1974;  Z i o n t s  p u b l i s h e d  L i n e a r  and I n t e g e r  
P r o g ra m m in g . W r i t i n g  C h a p t e r  17 o f  Z i o n t s ’ book,  Woolsey  
f i r s t  i n t r o d u c e d  h i s  c o n c e p t  o f  o r d e r i n g  c o n s t r a i n t s  when 
f o r m u l a t i n g  i n t e g e r  programming p r o b le m s .
The o r d e r  o f  rows i s  a l s o  i m p o r t a n t  f o r  
i m p l i c i t  e n u m e r a t i o n  methods . . . .  {W}e s h o u ld  
o r d e r  t h e  c o n s t r a i n t s  . . .  so t h a t  t h o s e  most l i k e l y  
t o  be d e c i s i v e  a r e  scanned f i r s t .
The f i r s t  c l a s s i f i c a t i o n  o f  c o n s t r a i n t s  l i k e l y  
t o  be d e c i s i v e ,  based on e x p e r i e n c e ,  i s  e q u a l i t y  
c o n s t r a i n t s  . . . .  The n e x t  most d e c i s i v e  
c l a s s i f i c a t i o n  o f  c o n s t r a i n t s  i s  i n e q u a l i t i e s  w h ich  
e n f o r c e  l o g i c a l  c o n d i t i o n s  ( Z i o n t s  197 4 ,  4 7 8 ) .
The n e x t  y e a r  Woolsey  w r o t e  C h a p t e r  13 i n  Sa l  k i n ’ s 1975
book I n t e g e r  P ro g ra m m in g . I n  h i s  s e c t i o n  t i t l e d  "How t o
F o r m u l a t e  so as t o  M i n i m i z e  S o l u t i o n  Time ( I m p l i c i t
E n u m e r a t io n  M e th o d s )"  Woolsey a g a i n  a d d r e s s e s  o r d e r i n g
c o n s t r a i n t s  ( S a l k i n  197 5 ,  5 1 3 ) :
I t  s h o u ld  be e q u a l l y  a p p a r e n t  t h a t  we s h o u ld  
s t r u c t u r e  t h e  p ro b le m  so as  t o  f o r c e  t h e  code t o  
e l i m i n a t e  as many u n f r u i t f u l  p a t h s  as p o s s i b l e .
A n o t h e r  way t o  do t h i s  i s  t o  p u t  t h e  most b i n d i n g  
c o n s t r a i n t s  a t  t h e  t o p  o f  t h e  p ro b le m  and p u t  t h e  
l e a s t  b i n d i n g  c o n s t r a i n t s  a t  t h e  b o t to m .  By 
" b i n d i n g "  we mean t h e  c o n s t r a i n t  t h a t  i s  most  
l i k e l y  t o  l i m i t  t h e  s e t  o f  s o l u t i o n s . . . .  As many 
i m p l i c i t  e n u m e r a t i o n  c r i t e r i a  c o n s i d e r  c o n s t r a i n t s  
f ro m  t o p  t o  b o t to m  o f  t h e  c o n s t r a i n t  m a t r i x ,  i t  
s h o u ld  be c l e a r  t h a t  p u t t i n g  t h e  {most  b i n d i n g }  
c o n s t r a i n t  a t  t h e  t o p  w i l l  r e d u c e  c o m p u t a t i o n  t i m e .
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These a r e  t h e  o n l y  two r e f e r e n c e s  in  t h e  f i e l d  o f  
i n t e g e r  p rogram m ing ,  bo th  by W oo lsey ,  t h a t  c o n c e rn  o r d e r i n g  
c o n s t r a i n t s .  N e i t h e r  r e f e r e n c e  showed any c o m p u t a t i o n a l  
r e s u l t s .  O r d e r i n g  c o n s t r a i n t s  i s  an a r e a  f o r  f u r t h e r  s t u d y .
A n o th e r  a r e a  f o r  f u r t h e r  s t u d y  i s  t o  use t h e  p r o c e s s  o f  
a g g r e g a t i n g  c o n s t r a i n t s  p ropo sed  by E lm aghraby  and Wig 
( 1 9 7 0 ) .  T h i s  combines a l l  t h e  e q u a l i t i e s  in  t h e  c o n s t r a i n t s  
i n t o  one e q u a l i t y  c o n s t r a i n t .  Sample p ro b lem s  c o u ld  t h e n  be 
run w i t h  and w i t h o u t  t h e  a g g r e g a t i o n  t o  d i s c o v e r  i f  t h e r e  i s  
a r e d u c t i o n  in  com pu ter  r u n n i n g  t i m e .
A f i n a l  s u g g e s t i o n  i s  t o  use t h e  r e o r d e r i n g  p r o c e d u r e  
s u g g e s te d  in  t h i s  t h e s i s ,  b u t  u s in g  a B a la s  a d d i t i v e  
a l g o r i t h m  t o  d e t e r m i n e  p o s s i b l e  r e d u c t i o n s  i n  com pu ter  
r u n n i n g  t i m e .  T h i s  c o u ld  be t e s t e d  w i t h  and w i t h o u t  
a g g r e g a t i o n  o f  t h e  e q u a l i t y  c o n s t r a i n t s .  We c o n j e c t u r e  t h a t  
an a d d i t i v e  a l g o r i t h m ,  such as B a l a s ,  would  q u i c k l y  o b t a i n  a 
n e a r - o p t i m a l  s o l u t i o n .  The r e m a i n d e r  o f  t h e  co m p u te r  r u n n in g  
t i m e  would  be s i m p l y  c o n f i r m i n g  t h a t  t h e  e a r l i e r  answ er  was 
in d e e d  opt imum. C o n f i r m a t i o n  o f  t h i s  c o n j e c t u r e  would  
r e q u i r e  a s t u d y  s i m i l a r  t o  t h a t  o f  t h i s  t h e s i s .
S u m m a r iz in g ,  we s e t  o u t  t o  c o n f i r m  o r  deny t h e  
c o n j e c t u r e  t h a t  r e o r d e r i n g  o f  t h e  o b j e c t i v e  f u n c t i o n  f o r  
i n t e g e r  program m ing lo c k b o x  p ro b le m s  c o u ld  im p ro ve  r u n n in g  
t i m e .  Based on t h i s  s t u d y  we may a s s e r t  t h a t  com pu te r
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r u n n i n g  t i m e  can be reduc ed  up t o  28% by t h o u g h t f u l  
r e o r d e r i n g  o f  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s .  We a s s e r t  
t h a t  t h e  above f i n d i n g  c o u l d ,  i n  many c a s e s ,  j u s t i f y  
p r e p r o c e s s i n g  t h e  d a t a  as d e s c r i b e d  in  t h i s  t h e s i s  p r i o r  t o  
r u n n i n g  t h e  p ro b le m  on a b ranc h  and bound i n t e g e r  programming  
c o d e .
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Appendi  x 
SAMPLE PROBLEM FORMULATIONS
Pro b lem  1 (H ess e  198 0 ,  2 6 8 ) .  
Lockbox Prob lem
C o s ts R eg ion Lockbox 1 Lockbox 2 Lockbox 3
V a r i a b l e 1 25 24 29
2 20 32 26
3 16 18 14
4 16 25 27
5 40 42 45
6 18 20 25
7 19 20 13
8 16 19 18
9 24 36 45
A 32 25 15
Fi  xed 50 35 70
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P rob lem  1 (H esse  1980 ,  2 6 8 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
m i  n  z  = 2 5 x ^  + 2 0 x 1 2 + 1  6 x 13 + 1 6 x 14 +
Xo + 1 8 x 16 + 1 9 x 1 I
+ 1  6 x , g  + 2 4 x 19 + 3 2 x 1A + 2 4 x 2 ! + 3 2 x 22 + 1  8 x 2 3 + 2 5 x 24
+ 4  2  x 25 + 2 0 x 2 6 + 2 0 x 2 j  + 1 9 x 3 , + 3  6  X j j + 2 5 x 2A + 2 9 x 31
+ 2  6  x 32 + 1  4 x 33 + 2 7 x 3 4  + 4 5 x 35 + 2 5 x 3 ( + 1  3 x 3 j + 1 8 x 38
+ 4 5 X g Q +
1 5 x 3A + 5 0 y ,  + 3 5 y 2 f 0 y ,w
S . t .  X jj +
X 2 1  + X 31 =
x 1 2
+
x 2 2  + x 32  =
x 13 + x 2 3  + x 3 3  =
x 14 + x 2 4  + x 3 4  =
x 15 + X 2S + x 35  =
x 16 + x 2 6  + x 36 =
x 1 ? + X 2 J  + X 3T "
x 18 + X j j  + x 3 8  =
x 19 + x 2 9  + x 3 9  =
X 1A + X ! A  + X 3A =
X 11
+ X , ;  + x 13 + X 14 +  X 1S +  x 16 + X 1 J + x 18 +  x 1 9 + X 1A
1 0 y , <  0
X 2 1
+
x 2 2  + x 2 3  + X 2 4 +  x 2 5 +  x 26 + x 27 + x 28 +  x 2 9 + X 2A
- 1 0 y 2 <  0
X 31 + x 3 2  + x 3 3  + X 3 4 +  x 35 +  X 3G + x 3 1 + x 3 8 +  x 39 + X 3A
- 1 0 y 3 <  0
T - 3 9 7 7 55
P rob lem  1 (H esse  198 0 ,  2 6 8 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  V a lu e s
mi n  z  = 1 3 x 3j +
1  4 x 33 + 1  5 x 3A + 1 6 X 73 +  1 6 X | 4 + 1 6 X | g +
X00
+ 1 8 x 23 + 1 8 x 38 + 1 9 x 17 + 1 9  x 28 +  2 0 x 12 + 2 0 x 26 + 2 0 x 2j
+ 2 4 x 19 + 2 4 x 21 + 2 5 x 11 + 2 5 x 24 +  2 5 X j , + 2 5 x 36 + 2  6  x 3 2
+ 2 7 x 34 + 2  9  X 31 + 3 2 x t A + 3 2 x 22 +  36 x 29 + 4 0 x 15 + 4 2 x 25
+ 4 5 x 35 + 4  5  x 39 + 3 5 y 2 + 5 0 y t + 7 0 y 3
Prob lem  1 (H esse  1980 ,  2 6 8 ) .  
New O b j e c t i v e  F u n c t i o n ,  
S m a l l e s t  t o  L a r g e s t  V a l u e s ,
By R eg ion
mi n z =
2 4 x 2 1
+ 2 5 x n + 2 9 x3, + 2 0 x 12 +
XCOCM + 3 2 x 22 +
1  4 x 33
+ 16 x 13 + 1 8 x 2j + 1 6 x U + 2 5 x 24 + 27x34 + 4 0 x 15 + 4 2 x 2 5




0CM + 25x36 + 1 3 x 3j + 1 9 x 1? + 2 0 x 2j
+ 1 6 x 1g + 1 8 X 3g + 1 9 x 28 + 2 4 x !9 + 3 6 x 29 + 4 5 x 39 + 15x3A
+ 25x2A + 8 2 x u + 35y2 + SOy  ̂ + 70y3
T - 3 9 7 7  56,
P ro b lem  2 (H esse  1980 ,  2 6 9 ) .
Lockbox Prob lem
C o s ts  Reg ion Lockbox 1 Lockbox 2 Lockbox 3 Lockbox 4
V a r i a b l e  1 40 10 70 90
2 60 30 40 80
3 30 90 50 60
4 20 80 90 60
5 70 30 80 40
6 50 20 40 70
7 50 90 30 30
8 20 50 30 50
9 60 70 20 40
A 90 70 60 30
Fi  xed 1 50 120 140 170
T - 3 9 7 7 57
mi n z
s . t .
P rob lem  2 (H ess e  1980 ,  2 6 9 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
- *11 + 60X|2 + 30x,j +
+ 2 ° x , 8 + 6 0 x 19 + 9 0 x 1A +
+ 30X,; + 2 0 x 26 + 9 0 x 2j +
+ 4 0 *̂ 22 + 5 0 x 33 + 9 0 x J4 +
+ 2 0 x 39 +
XoCD + 9 0 x 41 +
+ 7 0x46 + 2 0 x 4J + 5 0 x 4, +




+ X 31 + X 41 —
X 1 2 +
x 2 2
+ x 32 + x 42
=
x 13 + x 23 + x 33 + x 43
-
x 14 + x 24 + x 3 4 + x 4 4
-
x 15 + x 25 + x 35 + x 45 =
x 16 + x 26 + x 36 + x 46 =
x 17 + x 27 + x 37 + x 47 =
x 18 + x 28 + x 38 + x 48 =
x 19 + x 2 9 + x 39 + x 49
=





+ x 13 + x 14 +




+ x 23 +
cvj
X +
1 0 y , < 0
2 0 x u + X
or- + X
oID + 5 0 x 11
1 0 x 21 + 3 0 x 22 + 9 0 x 23 + 8 0 x 24
5 0 x 28 + 7 0 x 29 + 7 0 x 2A + 7 0 x 31
8 0 > < 3 5 + 4 0 x 36 + 3 0 x 37 + 3 ° x 38
XoCO + 6 0 x 43 + 6 0 x 44 + 4 0 x 45
4 0 x 49 + 3 0 x 4A + 1 5 0 y 1 + 1  2 0 y
+ X16 + x 17 + x 18 + x 19 + x 1A
+ x 2g + x 27 + x 28 + x29 + x2A
T - 3 9 7 7 58
Pro b lem  2 ( C o n t i n u e d ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
X 31 +  x 32  +  x 33  +  x 3 4  +  x 35  +  x 36 +  X 3 I  +  x 38 +  x 39 +  X 3A
-  1 0 y 3 < 0
X 41 +  x 42 +  x 43  +  x 4 4  +  x 45 +  x 46 +  x 47 +  x 48 +  x 49 +  X 4A
-  1 0y4 < 0
T - 3 9 7 7 59
mi n
mi n z
P rob lem  2 (H ess e  1980 ,  2 6 9 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  yj V a lu e s
- 1 0 x 21 + X
oOJ + 2 0 x ,8 + 2 0 x 2{ + 2 0 x 39 + 2 0 x 4, + 3 0 X13
+ 3 0 x 22 + 3 0 x 25 + 3 0 X j, + 3 0 X jj + 3 0 x 4A + 4 0 x 1 l + 4 0 x 32
+ 4 0 x 35 + 4 0 x 45 + 4 0 x 4, + 5 OX33 + 50X|j + 5 0 x 2g + 5 0 x 33
+ 5 0 x 48 + 6 OX49\L + 6 ° X | s + 6 ° x ja + 6 Ox.43 + ^Ox44 + 7 ° x ,5
+ 7 0 x 29 + 7 0 x n + 7 0 x 3, + 7 0 x 4t + 8 0 x 24 + 8 0 x 35 + 8 0 x 42
+ 9 0 X „ + 9 0 x 23 + 9 0 x 2y + 9 0 x 3( + 9 0 x 41 + 1 2 0 y2 + 14 0 y
+ 150y, + 1 70y 4
P rob lem  2 (H e s s e  19 8 0 ,  2 6 9 ) .  
New O b j e c t i v e  F u n c t i o n ,  
S m a l l e s t  t o  L a r g e s t  x^ V a l u e s ,  
By R eg io n
= 1 0 x 21 + 4 0 X „ + X
0f"- + CD O X + 3 0 x 22 + 4 0 x 32 + 6 0 X | 2
+ 8 0 x 42 + 3 0 x , 3 + s o x j j + 6 ° x 43 + 9 0 x 33 + 2 ° X U + 6 0 x (4
+ 8 0 x 24 + 9 0 x J4 + 3 0 x 25 + 4 ° x45 + 7 ° x ,j + 8 0 x 35 + 2 0 x 26
+ 4 0 x 3s + 5 0 x ,3 + 7 0 X46 + 2 ° x4, + 3 0 x 3? + 50 x ^ 1 + 9 0 x 2j
+ 2 0 X 33 + 3 0 x 38 + 5 0 x 2g + 5 0 x 48 + ^ O X j j + 4 0 x 49 + 5 0 x 35
+ 7 0 x 2q +
3 0 x 4A
+
6 0 x 3A
+ 7 0x2A + 9 0 x U + 1 2 0 y 2 + 1 4 0 y .
+ 150y1 + 170y4
T - 3 9 7 7 60
P ro b le m  3 (H ess e  198 0 ,  2 7 0 ) .  
Lockbox Prob lem
C o s ts  R eg ion Lbox 1 Lbox 2 Lbox 3 Lbox 4 Lbox 5
V a r i a b l e  1 15 20 25 28 32
2 45 41 36 28 24
3 18 25 19 14 16
4 1 3 15 20 18 19
5 25 22 20 1 7 18
6 45 30 42 43 40
7 27 29 25 20 16
8 14 10 18 20 16
9 26 30 32 22 20
A 29 26 24 20 25
B 28 32 25 22 26
C 17 15 21 18 25
D 38 32 23 27 20
E 17 19 24 20 26
F 20 16 25 21 24
G 18 25 32 30 37
F i xed 50 40 35 50 70
IL1TMU1 LAOS UWLMY 
COLOMDO SCHOOL d  MIKES 
GOLD'Ef?, COLOiyiDQ ©&£0J
T - 3 9 7 7 61
m i  n  2
s . t .
P rob lem  3 (H esse  1980 ,  2 7 0 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
= 1 5 x 1 ! + 4  5  x  ^ + 1 8 x , 3 + 1  3 x 14 + 2 5 x 15 + 4 5 x 16 + 2  7  X 17
+
1  4 x 18 + 2 6 x i g +  2 9 x , # + 2 8 x 1B + 1  7  x t c + 3  8 x  i d + 1  7  x i e
+
2 0 x 1F + 1 8 x 1G +  2 0 x 2 1 + 4 1  ^ 2 2 + 2 5 x 23 + 1 5 x 24 + 2 2 x 25
+ 3 0 x 26 + 2 9 x 27 +  1  O x 2 8 + 3 0 x 29 + 2 6 x 2A + 3 2 x 2B + 1  5 x 2 2
+
3 2 x 2 D + 1  9 x 2 2 +  1  6 x 2 p + 2  5  X 2 G + 2 5 x 31 + 3 6 x 32 + 1 3 x 33
+ 2 0 x 34 + 2 0 x 3S +  4 2 x 36 + 2 5 x , 7J i + 1 8 x 38 + 3 2 x 39 + 2 4 x 3A
+ 2  5  x 30 + 2  1  X 3C +  2 3 X / j 9 + 2 4 x 3 [ + 2  5  x 3p + 3 2 x 3G + 2 8 x 41
+ 2 8 x ^ 2 + 1 4 x 43 +  1 8 x 44 + 1 7 x 4S + 4 3 x 4d + 2 0 x 47 + 2 0 x 48
+ 2 2 x 49 + 2 ° x 4A +  2 2 x 4g + 1 8 x 4£ + 2 7 x 4D + 2 0 x 4E + 2  1  X 4F
+
3 0 x 4G + 3 2 x 5 I +  2 4 x 52 + 1 6 x S3 + 1  9 x 5 4 + 1  8 x 55 + 4 0 x 56
+ 1 6 x 57 + 1  6 x S ! +  2 0 x 59 + 2 5 x SA + 2 6 x 5B + 2 5 x 5C + 2 0 x 5D
+
2 6 x 5E + 2 4 x s f +  3 7 x 5q + 5 0 y , + 4 0 y 2 + 3 5 y 3  + 5 0 y 4 +
X 1 1 +  x 2 1 + X 31 + X 41 + X 51
-  1
X 1 2 +  x 2 2 + x 3 !  + x 42 + x 52 =  1
x 13 +  x 2 3 + x 3 3  + x 43 + x 53
=  1
X U +  x 2 4 + x 3 4  + x 4 4 + x 5 4 =  1
x 15 +  x 25 + X 3S + x 45 + x 55
-  -|
x 16 +  x 26 + x 3 6  + x 46 + x 56 =  1
x 17 +  x 2 7 + x 3 !  + x 47 + x 57 =  1
x 18 +  x 2 8 + x 3 8  + x 4 8 + x 58 =  1
x 19 +  x 2 9 + x 3 !  + . x 49 + x 59
= -J
T - 3 9 7 7 62
P rob lem  3 ( C o n t i n u e d ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
X 1A + X 2A + X 3A + X 4A + X 5A -  1
X 1B + X 2B + X 3B + X 4B + X 5B
=  1
X 1C + X 2C + X 3C + X 3C + X 5C
-  -j
X 1 D + X 2D + X 3D + X 4D + X 5D
-  -j
X 1 E + X 2E + X 3E + X 4E + X 5E =  1
X 1F + X 2F + X 3 F + X 4 F + X 5 F =  1




+ x 13 + x 14 + x 15 +  x „  +  x „  + x ! 8  + x 19 +




+ x 23 + x 2 4 + x 25 + x26 + x2I + x 2 8  + X 2S +
+ X 2B + X 2C + X 2 D + X 2E + X 2F + X j j  - 16y2 < 0
X 31 + x 32 + x 33 + x 3 4 + x 35 +  x 36 +  x 3? + x 3 8  + x 39 +
+ X 3B + X 3C + X 3D + X 3E +  X j F  +  X 3G " 16y3 < 0
X 41 + x 42 + x 43 + x 44 + x 45 + xw + x4? + x 4 8  + x 49 +
+ X 4B + X 4C + X 4D + X 4E + x4F + x4B - 16y4 < 0
X 51 + x 52 + x 53 + x 5 4 x 55 +  x S f  +  x5? + X S 8  + x 59 +
+ X 5B + X 5C + X 5D + X 5E +  X 5 F  +  X 5G ! 6 y s < 0
T - 3 9 7 7 63
Prob lem  3 (H ess e  198 0 ,  2 7 0 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  V a lu e s
3 1 0 x !8 + 1 3 x u + 1 4 x !8 + 1 4 x 43 + 1 5 x 11 + 1 5 x 2 4 + 1 5 x 2C
+ 1 6 x 2F + 1 6 x 53 + 1 6 x s; + 1 6 x 58 + 1 7 x 1C + 1 7  x  i e + 1 7 x 45
+ 1 8 x |J + 1 8 x I 8 + 1 8 X 3, + 1 8 x 44 + 1 8 x 4C + 1 8 x 55 + 1 9 X 25
+ 1 9 x 33 + 1 9 x 54 + 2 ° x ,F + 2 0 x 21 + 2 0 x 34 + 2 0 x 35 + 2 0 x 4I
+ 2 ° x w + 2 0 x M + 2 ° x 4f + 2 0 x 59 + 2 0 x 5D + 21  X 3C + 2   ̂ X 4F
+ 2 2 x 35 + 2 2 x 49 + 2 2 x 4! + 2 3 x 3D + 2 4 x 3A + 2 4 x 3E + 2 4 x 52
+ 2 4 x 5F + 2 5 x 1s + 2 5 x !3 + 2  5  X 2Q + 2 5 x 31 + 2 5 x 3I + 2 5 x 3B
+ 2 5 x 3f + 2 5 x 5» + 2  5 x 5c + 2 6 x 19 + 2 6 x 2A + 2 6 x 5B + 2 6 x 5E
+ 2 7 x , ? + 2 7 x 40 + 2 8 X | 3 + 2 8 x 41 + 2 8 x 42 + 2 9 x 1A + 29X21
+ 3 0 x 2 g + 3 0 x « j + 3 0 x 4G + 3  2  X 2B + 3  2  X 2D + 3  2  x 39 + 3  2  X 3G
+ 3 2 x 51 + 3 6 x ^ 2 + 3 7  X 5 Q + 3 8 x 1D + 4 0 x 56 + 4  x 22 + 4 2 x 36
+ 4 3 x 46 + 4 5 X | 2 + 4 5 x ! 6 + 3 5 y 3 + 4 0 y j  + • 5 0 y j  + 5 0 y 4 +
T - 3 9 7 7 64
Prob lem  3 (H esse  198 0 ,  2 7 0 ) .  
New O b j e c t i v e  F u n c t i o n ,  
S m a l l e s t  t o  L a r g e s t  x^ V a l u e s ,  
By Reg ion
= 1 5 x 11 + ro o X + 2 5 x 3) + 2 8 X 41 +
XCM00 +
2 4 x S2 + 2 8 x 42
+ 3 6 x 32 + 41 x 22 + 4 8 x 12 + 1 4 x 43 + 1 6 x 53 + 1 8 x ,3 + 1 9 X 33
+ 2 5 x 23 + 13xu + 1 5 x 24 + 1 8 x 44 + 1 9 x 54 + 2 O X 34 + 1 7 x 45
+ 1 8 x 55 + 2 0 X 2C + 2  2  x 25 + 2 5 x 15 + 3 0 x 26 + 4 0 x5i + 4 2 x 36
+ 4 3 x 4S + 4 5 x ie + 1 6 x 57 + 2 0 x 4? + 2  5 x 37 + 27 x n + 2 9 x 2j
+ 1 0 x 28 + 1 4 x 18 + 1 6 x 58 + 1 8 X 33 + 2 0 x 48 + 2 0 XjS + 2 2 x 4S
+ 26x,j + 3 0 x 2j + 3 2  ><39 + 2 0 x 4A + 2 4 x 3A + 2 5 x 5A + 2 6 x 2A
+ 29x„ + 2 2 X 43 + 2  5 xag + 2 6 x 5B + 2 8 x1B + 3 2 x 2! + 15 x 2C
+ 1 7 x1C + 18XW + 2 1 x 3C + 2 5 x 5C + 2 0 x 5D + 2 2 X 33 + 2 7 x 4D
+ 32X jd + 3 8 x |D + 17 x 1e + 1 9x2E + 2 0 x 4E + 2 4 x 3E + 2 6 x 5E
+ 1 6 Xjp + 2 ° x 1F + 2  1 X4F + 2 4 x 5F + 2  5 x 3 F + 1 8 x 1G + 2 5 X2G
+
3 0 x 4G + 3 2 x jg + 3 7 x 5G + 3 5 y 3 + 4 0 y 2 +■ 50y j  + 5 0 y 4 +
T - 3 9 7 7 65
P ro b lem  4 (H ess e  1980 ,  2 7 1 ) .  
Lockbox Prob lem
C o s ts  Reg ion Lbox 1 Lbox 2 Lbox 3 Lbox 4 Lbox 5
V a r i a b l e  1 40 60 80 100 120
2 20 40 60 80 100
3 40 20 40 60 80
4 60 40 20 40 60
5 80 60 40 20 40
6 100 80 60 40 20
7 20 40 60 80 100
8 0 20 40 60 80
9 20 0 20 40 60
A 40 20 0 20 40
B 60 40 20 0 20
C 80 60 40 20 0
Fi  xed 200 275 280 150 110
T - 3 9 7 7 66
mi n z
s . t .
P ro b lem  4 (H esse  1980 ,  2 7 1 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
ZI X
o■<fr + 2 0 x 1 2 + o X +
XoOJ+Xoo+>r
oCO+Xo(O
+ 0 x , 8  + 2 0 x 19 + 4 0 x 1A + 6 0 x ^ g  +  8 0 x ^  +  6 0 x 2 | +  4 0 x 22
+ 2 0 x 2 j + 4 0 x 2 4 + 6 0 x 25 + 8 0 x 2 g +  4 0 x 2j +  2 0 x 2 g +  0 x 2 g
+ 2 0 x 2 , + 4 ° x 2B + 6 0 x 2 £ + 8 0 x 21 +  6 0 x 22 +  4 0 x ^ 2  +  2 0 x 2 4
+
4 0 x 3S + 6  0 x ag + 6  0  > < 3 7 + 4 0 x 3 8  +  2 0 x 39 +  0 x 3A +  2 0 x 3B
+ 4 0 X jC + 1 O O x 41 + 8 0 x 42 +  6 0 x ^  +  4 0 x ^  +  2 0 x ^ 5  +  4 0 x 4g
+ 8 0 x a2 + 6 0 x 48 + 4 0 x 49 + 2 0 x 4A +  0 x 4g +  2 0 x 4C +  1 2 0 x 51
+ 1 0 0 X i 2 + 8 0 x 53 + 6 0 x 5 4 +  4 0 x 55 +  2 0 x 5g +  1 0 0 x g j  +  8 0 x
+ 6 0 X j S +
4 0 x 5A + 2 0 x 5B + 0 x gc +  2 0 0 y 1 +  2 7 5 y 2 +  2 8 0 y 2
+ 1 5 0 y 4 + 1 1 0 y 5
X 1 1
+  X j , + X 31 + X 1 + X 51
=  -j
x 1 2
+  x 2 2 + x 32 + X 2  + x 52 =  1
x 1 2 +  x 2 3 + x 33 + X 3 + x 5 3 =  1
x 14 +  x 2 4 + x 34 + X 4 + x 54 =  1
x 15 +  x 25 + x 35 + X 5 + x 55
-  -j
x 16 +  x 26 + x 36 + X 6 + x 56
=  1
x 1 ? +  x 2 , + x 3 1 + X ? + x 5 7
-  -|
x 18 +  x 2 8 + x 38 + X 8  + x 58 =  1
x 19 +  x 2 j + x 39 + X 9 + x 59
-  1
X 1A +  X 2A + X 3A + X A + X 5A =  1
X 1B +  x 2 ! + X 3B + X B + X 5B =  1
T - 3 9 7 7 67
P ro b lem  4 ( C o n t i n u e d ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
X 1C +  X 2C +  X 3C +  X 4C +  X 5C "  1
x„ + x 12 + x 13 + X U + x 15 + X 15 + x„  + x,j + x,g + x„
+ X|B + x,c -  12y, < 0
X 2 1  +  > < 2 2  +  x 2 3  +  x 2 8  +  X 2 S +  x 2 6  +  x 2 7  +  x 2 8  +  x 2 9  +  x 2 *
+ x2B + x2C -  12y2 < 0
X 3, +  x3! +  x33 +  X 34 +  X 35 +  xJf +  x3I +  x38 +  x3S +  x3A
+ X j ,  + x3C -  12yj < 0
X 41 +  x4! +  x43 +  x44 +  x4j +  x4( +  x t]  +  x48 +  x49 +  x4A
+ xw + x4C -  12y4 < 0
X S1 +  X S2 +  x 53 +  x 5< +  x i S +  x Sf +  x 57 +  x 58 +  x 59 +  X 5A
+  X 5B +  X 5C _  1 2 n  5  0
T - 3 9 7 7 68
P rob lem  4 (H ess e  1980 ,  2 7 1 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  ŷ  V a lu e s
m i n  z  =  0 x 1 8  +  O x 2 9  +  0 x 3A +  O x ^  +  0 x 5 c  +  2 0 X | 2  +  2 0 x ^  +  2 0 x j 9
+ 2 0 x 22 + 2 0 x 2g + 2 0 x 2A + 2 0 x 2A + 2 0 x 39 + 2 0 x 3g + 2 0 x A3
+ 2 0 x <a + 2 0 x ac + 2 0 x 5g + 20Xjg + 40X|| + 4 0 x 13 + 4 0 x ia
+ 4 0 x 22 + 4 0 x 2A + 4 0 x 2j + 4 0 x 2g + 4 0 x 33 + 4 0 x 25 + 4 0 x 3g
+ 4 0 x 3C + 4 0 x aa + 4 0 x Ag + 4 0 x A9 + 40Xgg + 4 0 x 5A + 6 0 x 1A
+ 60X|g + 6 0 x ^  + 6Ox0j + 6 0 x 2̂  + 6 0 x 22 + 60Xgg + 6 0 x 2j
+ 6 0 x 42 + 6 0 x 48 + ®Ox54 + 6 0 x 59 + 8 0 x |5 + 8 0 x ic + ®^x 26
+ 8 0 x 21 + 8 0 x A2 + 8 0 x Aj + 8 0 x 52 + 8 0 x 5g + 1 0 0 *^  + 100 xA1 
+ 100x 52 + IOOX5J + 1 2 0 x 51 + 110y5 + 150y4 + 200yj  + 2 7 5 y 2 
+ 2 8 0 y 3
T - 3 9 7 7 69
Pro b lem  4 (H ess e  1980 ,  2 7 1 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  V a l u e s ,
By R eg ion
mi n z = 4 0 x ii + 6 0 x 2̂ + 8 0 x 31 + 10 0 x 41 + 120Xg! + 2 0 x 12 + 4 0 x22
+ 6 0 x 2̂ + 8 0 x 42 + lOOXgj + 2 0 X23 + 4 0 x ^ + 4 0 x 33 + 6 0 x 4.
+ 8 0 x 53 + 2 0 x 34 + 4 0 x 24 + 4 ^ x 44 + ®0 x 4̂ + 6 0 x 54 + 2 ° x 45
+ 4 0 x 3S + 4 0 x 55 + 6 0 x 2̂ + 8 0 x 15 + 2 0 x 5g + 4 ° x 46 + 6 0 x 35
+ 80X2  ̂ + 100x^ + 20x^ + 4 0 X21 + 60x^ + 80x^ + 100Xg|
+ OXjg + 20xog + 40xgg + 60x^g + 80Xjg + OXgg + 20x^ + 20x39
+ 4 0 x 49 + 6 0 x59 + 0x3A + 2 0 x2A + 20x4/, + 4 0 x u + 4 0 x JA + 0x4g
+ 20Xgg + 20xgg + 40Xgg + 60Xjg + OXgg + 20x4g + 4 0 x 3£ + 60Xgg
+ 80x^ + 1 10y5 + 150y4 + 200yj + 2 75 yg + 2 8 0 y 3
T - 3 9 7 7 70
P rob lem  5 (H e s s e  1980 ,  2 7 1 ) .  
Lockbox Prob lem
C o s ts  Reg ion Lbox 1 Lbox 2 Lbox 3 Lbox 4 Lbox 5
V a r i a b l e  1 3 9 1 1 4 9
2 70 90 40 40 20
3 0 63 108 60 100
4 28 36 26 0 31
5 5 4 6 3 9
6 91 108 1 5 48 60
7 155 185 60 65 84
8 320 440 240 200 50
9 160 170 75 105 105
A 210 270 75 105 105
B 25 17 20 10 37
C 40 42 10 15 30
D 1 5 7 3 7
E 70 15 13 15 10
F 16 14 7 6 20
G 100 125 60 44 40
H 16 30 33 20 40
I 2 2 1 1 2
J 300 420 240 200 0
K 15 20 26 9 34
L 6 0 1 1 7 15
M 27 30 21 7 37
F i xed 100 150 200 125 250
T - 3 9 7 7 71
P ro b lem  5 (H esse  198 0 ,  2 7 1 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
min z = 3x^ + 70X|2 + 0 x 13 + 2 8 x 14 + 5X|5 + 91X|g + 155x l7
+ 320Xjg + 160Xjj + 2 1 0x^ + 25x^g + 40x^  + 1 Xjq + 70x^
+ 16x^p + 10OXjQ + 16x^ + 2X|j + 300X|j  + 15x^ + 6XjE
+ 2 7 x ^  + 9 x 2| + 9 0 x 22 + 6 3 x 22 + 3 6 x 24 + ^ x 25  ̂0 8 x 2g
+  1 8 5 X i y  +  4 4 0 x 2g +  1 7 0 x 2g +  2 7 0 x 2̂  +  1 7 x 2g +  4 2 x 2g +  5 x 2g 
+ 1 5 x 2E + 14 x 2F + 1 2 5 x 2G + 3 0 x 2H + 2 x 2j + 4 2 0 x 2J + 2 0 x 2K 
+  0 x 2E +  30X21^ +  1 1 x ^  +  4  0  Xg2 +  1 0 8 x 22 +  2 6 x 34 +  ®x 35
+  1 5 x 36 +  6 0 x 37 +  2 4 0 x 3g +  O x 39 +  7 5 x 3A + 2 0 x 3g +  1 0 x 3C
+  7 x 3g +  1 3 x 3E +  7 x 3p +  6 0 x 3q +  3 3 x 3H +  1 x 3j +  2 4 0 x 3J
+  2 6 x 3̂  +  1 1 x 3E +  21  x 3n +  ^"*41 4 0 x 42 +  6 0 x 43 +  O x 44
+ 3 x 43 + 4 8 x ^  + 6 5 x 47 + 2 0 0 x ^ g  + 7 5 x 49 + 1 0 5 x 4A + 1 0 x 4g 
+  1 5 x 4C +  3 x 40 +  1 5 x 4E +  6 x 4F +  4 4 x 4Q +  2 0 x 4H +  1 x 4I 
+ 2 0 0 x 4j + 9x 4K + 7x4E + 7x4M + 9Xg| + 20xg2 + 100x53 
+ 31x54 + 9Xjj + 60x56 + 84x5? + 5 0 x u  + 135xj, + 105xiA 
+ 37xsl + 30xsc + 7xsd + 10Xjj + 20XjF + 40xso + 40x5l)
+ 2 x 5j + OXgj + 3 4 x 5K + 15x5E + 3 7 x 5H + 100yj + 150y2 
+ 2 0 0 y 3 + 125y4 + 2 5 0 y 5




+ X 31 + X 41 + X 51 = 1
X12 + x 2 2 + x 32 + x 42 + x 52 = 1
x 13 + x 23 + x 33 + x 43 + x 53  = 1
x 14 + x 2 4 + x 3 4 + x 4 4 + x 5 4  = 1
T - 3 9 7 7 72
P rob lem  5 ( C o n t i n u e d ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
x 15 +  x 25 +  x 35 +  x 45 +  X S5 =  1
x 1 i  +  x 26 +  x 36 +  x 46 +  x Sf  =  1
x f i  +  x 2? +  X 3J +  X 4J +  x 5? =  1
x 1 !  +  X 2 I  +  x 38 +  X 4B +  x 58 =  1
x , g +  x 2 9  +  X j j  +  x w  +  X j j  =  1
X 1A +  X 2A +  X 3A +  X 4A +  X 5A =  1
X 1B +  X 2B +  X 3B +  X 4B +  X 5B =  1
X 1C +  X 2C +  X 3C +  X 4C +  X 5C =  1
X 1D +  X 2B +  X 3D +  X 3B +  x 50 =  1
X 1E +  X 2E +  X 3E +  X 4E +  X SE =  1
X , F +  x 2 F  +  x 3 F  +  x 4 F  +  x 5 F  =  1
X , j  +  X 2G +  X j j  +  X j j  +  X j j  =  1
X 1H +  X 2H +  X 3H +  x 4# +  X 5H =  1
X 1 I  +  X ! I  +  X 3 I  +  X 4 I  +  X 5 I  =  1
X 1J +  X 2J +  X 3J +  X 4J +  X 5J =  1
X 1K +  X 2K +  X 3K +  X 4K +  X 5K =  1
X 1L +  X 2L +  X 3L +  X 4L +  X 5L =  1
X 1K +  x 2« +  X 3K +  X 4H +  X SH =  1
xll + x12 + x13 + XH + x15 + x l( + XU + x18 + x19 + X1A
+ X,j + Xjj + Xjj + Xjj + x,F + X,j + x,H + X,j + X,j
+  X, j [  +  x u  +  x , N -  2 2 y ,  <  0
T - 3 9 7 7 73
Prob lem  5 ( C o n t i n u e d ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
x 2 2  +  x 2 3  +  x 2 4  +  x 2 5  + x 2 6  +  X 2T +  x 2 8  +  x 2 9  +  X 2A
+ x !B + X 2 C + x 2 0  +  X 2E + X 2 F  +  X 2G +  X 2H +  X 2 I  +  X 2J
+ X;, + X 2 L + X 2 H -  2 2 y 2
oV
I
X 31 +  x 32 +  x 33 +  x 34 +  X 3S +  x 3 i  +  X 3T +  x 38 +  x 3 i  +  X 3A
+  x 38 +  X 3C +  X 3D +  X 3E +  X 3F +  X 3G +  X 3H +  X 3 I  +  X 3J
+  X 3K +  X 3L +  X 3K “  2 2 y 3 5  0
x 4 t  +  x 43 +  x 43 +  x 44 +  X 4S +  x 46 +  X 4 I  +  x 4 f  +  x 49 +  x 4»
+  x48 +  x4C +  X W +  x4E +  X 4f +  x 4G +  X 4„ +  x4I +  X 4J
+  X (K +  x 4l +  X 4H -  2 2 y 4 < 0
X 51 +  x 52 +  x 53 +  x 54 +  x i i  +  x 56 +  X S7 +  X S !  +  x 59 +  X 5A
+  x 5 !  +  X 5C +  X 5D +  X 5E +  X 5F +  x i G +  x 5 H  +  x 5 1  +  x 5 J
+  X 5K +  X 5L +  X 5H "  2 2 y 5 5  0
T - 3 9 7 7 74
Pr ob lem 5 ( Hesse  1980 ,  2 7 1 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  yj V a lu e s
mi n z = 0 x 13 + 0 x2L + 0 x 39 + ° x M + 0 x5J + 1 X1D + 1 x3i + 1 X4I
+ 2 x u + 2 x2I + 2x il + 3 x ll + 3x45 + 3 x 4D + 4 x 25 + 4 x 41
+ 5 x 1j + 5 X2D + 6 x u + 6x 35 + 6 x4F + 7 x3D + 7 x3F + 7 x4L
+ 7 x4K + 7 x 5D + 9 x 21 + 9 x 4K + 9 x 51 + 9 x 55 + 1 0 x 3C + 1 Ox
+ 1 0 x 5E + 1 1 x 31 + 1 1 X 3L + 1 3 x 3E + 1 4 x 2 F + 1 5 x 1K + 1 5 x 2E
+
1 5 x 36
+ 15 x 4C + 1 5 x 4E + 1 5 x 5L + 1 6 x 1F + 1 6 x 1H + 1 7 x 2B
+ 2  0 x 2K + 2 0 x 3B + 2 0 x 4H + 2  0 X ; ^ )•J L + 2 0 x 5 F + 2 1  X 3H + 2 5 x 1g
+ 2 6 X 34 + 2  6  X 3K + 2 7 x I H + 2 8 x t < + 3  O X j ^ + S O x , ^ + 3 0 x 5C
+
3 1  x 54 + 2 2 x 3H + 3 4 x 5K + 3 6 x 24 + 3 7 x 58 + 3 7 x sk + 4 0 X |C
+ 4 0 X 30 + 4 0 x ^ 2 + 4 0 x 5G + 4 0 x5H + 4  2  X 2C + 4 4 x 4g + 4 8 x 45
+ 5 0 x j g + 6  0  ><37 + 6 0 x 3G + 6 0 x 43 + 6 0 x 56 + 6  3 x 23 + 6 5 x 4j
+ 7 0 x 12 +
7 0 x 1E + 7 5 x 3A + 7  5 x 49 + 8 4 x 57 + 9 0  Xgo + 9 1 x 16
+ 1 0 0 X | Q + 1 O O x 5 3 +  1 0 5 x 4A +  1 0 5 x 5A + 1 0 8 x 2 g + 1 0 8 x 33
+ 1 2 5  x 2q + 1 3 5 x 59 +  1 5 5 X | j +  1 6 0 x 19 + 1 7 0 X 2 5  + 1 8  5  x 2 j
+ 2 0 0 x ^ g + 2 0 0 x 4J +  2 1  0 X | A +  2 4 0 x 38 + ;2 4 0 x 3J + 2 7 0 x 2A
+ 3 0 0 x , j  + 320X|g + 4 2 0 x j j  + 4 4 0 x 2g + 100y |  + 1 2 5 y 4 
+ 1 5 0 y 2 + 2 0 0 y 3 + 2 5 0 y 5
T - 3 9 7 7 75
Pr ob lem 5 ( Hesse  1980 ,  2 7 1 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  V a l u e s ,
By R eg ion
min z = 3X|| + 4x^ + 9x21 + 9x^ + 1 1 x^ + 20Xg, + 4 0 x 22 + 4 0 x <2 
+ 7 0X|2 + 9 0 x22 + + 60x^ + 63x22 + 100Xjj + 1 08Xg/}
+ Ox44 + 26x 24 + 28x^ + 31x j4 + 36x24 + 3x^ + 4x2j + 5x^
+ 6 x2j + 9 Xjj + 1 5x36 + 4 8 x 4g + 6 0 Xjj + 9 1 x 1g + 1 0 8 x 2j 
+ 60Xj| + 6 5 x 4j + 84X jj + 156Xjj  + 1 8 5 x 2j + 5 0 x gg + 2 0 0 x 4g 
+ 2 40 X jg + 3 2 0 x 1g + 4 4 0 x 2g + 0Xg9 + 7 5 x 43 + 1 3 5 Xj9 + 16 0 x ^
+ 170x2g + 75Xj4 + 10 5 x ^  + 105Xj4 + 21 Ox^ + 2 7 0 x 24 + 10x4g
+ 17x2g + 2 0 Xgg + 25X|g + 37Xjg + 1 0 x3g + 1 5x4g + 30Xjg
+ 40Xjg + 4 2 x 2g + 1 x̂ g + 3x^g + 5x2g + 7Xgg + 7xgg + 1 OXjg
+ 13Xgg + 15x2g + 1 5x 42 + 70x^g + 6 x̂ p + 7x3p + 1 4x2p + 1 6 Xpp
+ 20Xjp + 4 0 Xjq + 4 4 x 4g + 6 0 Xjq + 1 OOXjg + 125 x2q + 16x^
+ 2 0 x4h + 30x2H + 33x3H + 40xj^ + 1 x3I + 1 x4p + 2 x^ + 2 x2p
+ 2Xjp + OX jj + 2 0 0 x 4J + 2 4 0 X jj + 300x^2 + 4 2 0 x 2J + 9x^
+ 15x^ + 2 0 x2̂ + 26Xjp + 34Xj^ + OXgL + 6 Xjp + 7x4p + 1 1 Xjp
+ ISXjp + 7 x4M + 21x3H + 2 7 x 1H + 3 0 x2H + 3 7 xjH + 100y^
+ 125y4 + 150y2 + 2 0 0 y 3 + 2 5 0 y 5
T - 3 9 7 7 76
P ro b lem  6  (H esse  198 0 ,  2 7 2 ) .  
Lockbox Prob lem
C o s ts  Reg ion Lbox 1 Lbox 2 Lbox 3 Lbox 4 Lbox 5
V a r i a b l e  1 29 40 15 29 36
2 16 56 92 30 19
3 25 24 14 65 2 2
4 23 73 16 5 42
5 21 25 26 1 1 76
6 95 16 49 2 2 48
7 23 2 2 76 25 14
8 17 18 41 43 27
9 15 25 14 17 35
A 16 40 23 14 2 2
F i xed 45 65 19 32 26
T - 3 9 7 7 77
mi n z
s . t .
P r ob lem 6 ( Hesse  1980 ,  2 7 2 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
3 2 9 x „ + 1  6 X | 2 + 2 5 x 13 + 2 3 x I 4 + 2 1  x 15 + 9 5 X | g  +  2 3  X j j
+
1  7 x 18 + 1 5  X  | g + 1  6 x 1A + 4 0 x 2 ) + 5 6 X 2 2 + 2 4 X j 2  7 3 x 2 4
+ 2 5 x 2 s + 1  6 X 2 5 + 2 2 x 2 i + 1 8 x 28 + 2 5 X p g + 4 0 x 2A +  1 5 x 31
+ 9 2 x 32 + 1 4 x 33 + 1 6 x 3 4 + 2 6 x 35 + 4 9 x 36 + 7 6 x 3J 4 1 X g p
+
1  4 x 39 + 2 3 x 3A + 2 9 x 41 + 3 0 x ^ 2 + 6 5 x ^ + 5 x 4 4  +  1 1  x 4i
+ 2 2 x 46 + 2 5 x 4 , + 4 3 x 43 + 1  7 x 4S + 1 4 x 4A + 3 6 x s 1 +  1  9 x j 2
+ 2 2 x 53 + 4 2 x ! 4 + 7 6 x 55 + 4 8 x 56 + 1 4 x 5 I + 2 7 X j g  +  3 5 X j j
+ 2 2 x^ + 45y^ + 65y2 + l^y^ + 3 2 y 4 + 26y^
X ! 1  +  X 2 1  +  X 31 +  X 41 +  X 51 =  1
x l? + Xj2 Xjj + + x^ — 1
x  13 +  x 23  +  x 33 +  x 43 +  x 5 3  =  1
X,4 + x24 + x34 + x44 + x54 = 1
x 15 +  x ! 5  +  x 3 5  +  x «  +  x 5 5  =  1
X ! S +  X 2S +  x 3 (  +  x 4 6  +  X S 6  =  1
X , j  +  X jj +  X jj +  X jj +  X j ,  =  1
x 18 +  x 2 8  +  x 3 8  +  x 4 8  +  x 5 8  =  1
X , j  +  X j ,  +  X jj +  X 4,  +  X 5j  =  1
x t A +  X 2A +  X 3A +  X 4A +  X SA =  1
x l l  +  x 1 2  +  x 13 +  x 14 +  X 1S +  X I 6  +  X I T  +  x t !  +  x 19 +  x t A
-  10y, < 0
T - 3 9 7 7 78
P rob lem  6  ( C o n t i n u e d ) .  
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
X 2 1
+
x 2 2  + x 23 + x 2 4 + x 25 + x 26 + x 27 + x 28 + x 29 +
- 1 0 y 2 < 0
X 31 + x 32 + x 33 + x 34 + x 35 + x 36 + x 3 1 + x 38 + x 39 +
- 1 0 y 3 < 0
X 41 + x 42 + x 43 + x 44 + x 45 + x 46 + x 47 + x 48 + x 49 +
- 1 0 y 4 < 0
X 51 + x 52 + x 53 + x 54 + x 55 + x 56 + x 5? + x 58 + X 5S +
-  1 0 y5 < 0
T - 3 9 7 7 79
Prob lem  6  (H ess e  198 0 ,  2 7 2 ) .
New O b j e c t i v e  F u n c t i o n ,  
S m a l l e s t  t o  L a r g e s t  Xjj ŷ  V a lu e s
min z = 5 x 44 + 1 1 x 45 + 1 4 x 33 + 1 4 x 3g + 14 x 4A + 1 4 x 5?
+ 1 5x3| + 16Xp + 1 0 X |4 + 16x3g + 1 6 x 34 + 17x^g
+ 18 x 2g + 1 9x52 + 2 1 X |5 + 2 2 xgj + 2 2 x 4g + 2 2 x J3
+ 23X|4 + 23X|j + 23x^  + 24x^3 + 25x^3 + 25x^
+ 25 x 4y + 2 6 x 3j + 27Xjg + 29x^j + 2 9 x 4| + 3 0 x 43
+ 36Xj| + 4 0 x 3| + 4 0 x 34 + 4 1 x 33 + 4 2 x 34 + 4 3 x 43
+ 4 9 x 3g + 5 6 x 32 + 6 5 x 43 + 7 3 x 34 + 7 6 x 3j + 7 6X jj
+ 9 5 x ^  + 1 9 y 3 + 2 6 y 3 + 3 2 y 4 + 4 5 y |  + 6 5 y 3
1 5 x jQ
+ 17x4, 
+ 2 2 xm
+ 25x ,g 
+ 3 5 x 59
+  4 8 x 56 
+ 9 2 x 3o
T - 3 9 7 7 80
mi n z
P ro b lem  6 (H ess e  1980 ,  2 7 2 ) .  
New O b j e c t i v e  F u n c t i o n ,  
S m a l l e s t  t o  L a r g e s t  V a l u e s ,
By Region
- 1 5x31 + 29x„ + 2 9 x 41 + 3 6  xt | +  4 0 x 21 + 1 6 x 2̂ + 1 9 x52
+ 3 0 x42 + 5 6 x22 + 9 2 x3j +  14x33 + 22x53 + 24X;j + 2 5 x 13
+ 65x43 + 5 x„ + 1 6 x34 + 23x^ 4• 4 2 x5< + 7 3Xj4 + 1 1 x45
+ 21 X1; + 2 5 Xjj + 26><3j + 76x55 + 1 6 x28 + 22x46 + 4 8 x 56
+ 4 9 x 36 + 9 5 x ,j + 1 4x51 + 2 2 x2j + 23x^ + 2 5 x 4] + 7 6 x37
+ 1 7 x 1 8 + 1 8 Xjj + 27x58 + 4 1 x38 + 4 3 x 4g + 1 4 x 39 + 15xig
+ 1 7 x 49 + 2 5  Xjj + 3 5 X j j +  14x4A +  16xu +  2 2 x 5A + 2 3 x 3A
+
4 0 x 2A + 19y3 + 26ys +  32y4 + 4 5 y t + 65y2
T - 3 9 7 7 81
P rob lem  7 (H ess e  1980 ,  2 7 9 ) .  
Lockbox Prob lem
C o s ts  Reg ion Lboxl Lbox2 Lbox3 Lbox4 Lbox5 Lbox6
V a r i a b l e  1 15 1 2 26 23 83 14
2 25 18 19 15 92 26
3 30 25 40 16 14 35
4 65 29 55 14 17 19
5 5 75 73 36 23 2 2
6 7 82 24 29 36 41
7 23 95 4 83 45 36
8 9 4 15 16 19 19
9 16 16 1 0 25 23 2 2
A 2 2 17 25 14 42 49
B 15 26 16 36 91 76
C 23 43 4 42 16 41
D 19 17 16 18 21 14
Fi  xed 75 32 26 17 25 19
AMTMU1 LAOS UB&A1 Y 
COLOSU3SDO S dO O L oi MINES 
GOLDBW, COLORADO 80401
T - 3 9 7 7 82
mi n z
s . t .
P r ob lem 7 ( Hesse  1980 ,  2 7 9 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
= 15X|! + 25x^ + 3 0 x 13 + 65x^  + 5X|g + 7 x^ + 23X|j
+ 9x^g + 16Xjg + 2 2 x^ + 15x^g + 23x^ + 1 9x^q + 1 2  x-j ̂
+ 1 8 x 22 + 2 5 x 23 + 2 9 x 24 + 7 5 x 25 + 8 2 x 26 + 9 5 x 2j + 4 x 2g
+ 1 6 x 2q + 1 7 x2A + 2 6 x 2g + 4 3 x 2£ + 17x2B + 26x^ + 1 9xg2
■f- 4 OX33 -t- 6 6 X31 7 3 X33 "t" 2 4 x 3g 4 X3J ■t' 18 X33 "t" 10 X33
+ 2 5 X3̂  + 1 6 X33 + 4 X33 + 1 6 X33 + 3 3 x 41 +  ̂^ x 42 +  ̂8 x 43
+  1 4 x 4 4  +  3 6 x 45 +  2 9 x 46 +  8 3 x 4J +  1  6 x 48 +  2 5 x 4 9  +  1 4 x 4A
+ 3 6 x 4B +  4 2 x 4G +  1 8 x 4D + 8 3  x 51 +  9 2  x52 + 1 4 x 53 + 1 7 x54
+ 2 3 x 55 + 3 6 x 5g + 4 5 x 5? + 1 9xgg + 2 3 x g9 + 4 2 x gA + 9 1 x 5B
+ 16x 5C + 2 1 x 5D + 1 4 x 61 + 2 6 x 62 + 3 5 x g3 + 19xg4 + 2 2 x gg
+ 41 x gg + 3 6 x g? + 19xgg + 2 2 x gg + 4 9 x gA + 7 6xgg + 4 1 x gc








+ x 32 + x 42 + x 52 + x 62 =
x 13 + x 23 + x 33 + x 43 + x 53 + x 63 =
x 14 + x 2 4 + x 3 4 + x 44 + x 5 4 + x 6 4
=
x 15 + x 25 + x 35 + x 45 + x 55 + x 65 =
x 16 + x 26 + x 36 + x 46 + x 56 + x 6 6 =
x 17 + x 27 + x 37 + x 47 + x 57 + x 67 =
x 18 + x 28 + X c*> 00 + x 48 + x 5 8 + x 6 8
=
x 19 + x 29 + x 39 + x 49 + x 59 + x 69
=
T - 3 9 7 7 83
Pr ob lem 7 ( C o n t i n u e d ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
X 1A +  x2A +  x3A +  x4A + X 5A + X 6 A = 1
X 1 B + x2B + x3B + x4B + X 5B + X 6 B = 1
X 1C + x2C + X3C +  x4C + X 5C + X 6 C = 1
x 1 0
+  x2D +  x3D +  x4D + X 5D + X 6 D = 1
X 11
+  X 12 +  x 13 +  x 14 + x 15 + x 16 + X 1 I + x 18 + x 15 +
+  X 1B +  X tc + x 10 - 13yt < 0
X 2 1
+ X22 + X23 + X24 + x 25  + x 26 + x 2 1 + x 28 + x 29 +
+ x2B + x2C + x2D - 13y2 < 0
X 31 + x32 + x33 + x34 + x 35  + x 36 + x 3? + x 38 + x 39 +
+  X 3B + X 3C + X 3D “ 13y3 < 0
X 41 + x42 + x43 + x44 + x 45 + x 46 + x 47 + x 48 + x 49 +
+ X 4B + X 4C + X 4D I 3 y 4 < 0
X 51 +  x 5 2  +  x 5 3  +  x 5 4  + x 5 5  + x 56 + x 57 + x 58 + x 59 +
+  X 5B +  X 5C +  X 5D " 13y5 < 0
X 6 1 +  x 62  +  x 6 3  +  x 6 4  + x 6 5  + x 6 6 + x 67 + x 68 + x 69 +







T - 3 9 7 7 84
P rob lem 7 ( Hesse  1980 ,  2 7 9 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  V a lu e s
min z = 4 x 28 + 4 x 37 + 4 x 3C + 5 x 15 + l x ^  + 9 x 1s + 1 Ox39 + 1 2 x 21
+
1  4 x 4 4 + 1  4 x 4A + 1  4 x c , + 1  4 x 61 + 1  4 x 6 C + 1 5 x 11 + 1  5 x 1B
+ 1 5 x 3g + 1 5 x 42 + 1 6 x 1 9 + 1  6 x 2 9 + 1  6 x 3g + 1 6 x 3 0 + 1  6 x 4 3
+ 1 6 x 48 + 1  6 x 5C + 1  7 x 2A + 1  7 x 2 0 + 1 7 x 5 4 + 1 8 x 2 2 + 1 8 x 4D
+ 1 9 x 1 q + 1 9  x 3 2 + 1 9 x 58 + 1 9 x 6 4 + 1 9 x 6 8 + 2 1  X 5D + 2 2 x 1A
+ 2 2 x g 5 + 2 2 x 6 9 +
2 3 x 1 J + 2 3 x 1C + 2 3 x 41 + 2 3 x 55 + 2 3 x 59
+ 2 4 x 36 + 2 5 x 12 + 2  5  x 23 + 2 5 x 3A + 2 5 x 49 + 2  6  X 2 B + 2 6 x 31
+ 2  6  x g 2 + 2 9 x 24 + 2 9 x 46 + 3 0 x 13 + 3  5 x 03 + 3 6 x 45 + 3 6 x 4B
+ 3 6 x 55 + 3  6  x g7 + 4 0 x 33 + 4 1  x 6 6 + 4 1  X 6 C + 4 2 x 4C + 4 2 x 5A
+
4 3 x 2C + 4 5 x 57 + 4 9 x 6 A + 5 5 > < 3 4 + 6 5 x u + 7 3 x 35 + 7 5 x 25
+
7 6 x 6 B + 8 2 x 26 + 8 3 x 4J + 8 3 x 51 + 9 1 x 5B + 9 2 x 52 + 9 5 x 27
+ 1 7 y 4 + i s y 6  4' 2 5 y 5  + 2 6 y 3  + 3 2 y 2 + 7 5 y t
T - 3 9 7 7 85
Pr ob lem 7 ( Hess e  1980 ,  2 7 9 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  y| V a l u e s ,
By Reg ion
min z = 12x21 + 14xg1 + 15x^ + 23x^ + 26x31 + 83xg1 + 15x4,
+ 1 8 x22 ■*" 1 9x 32 + 25x^2 + 26Xg2 + 92xg2 + 14xg2 + 1 6 x 3̂
+ 2 5 x2j + 3 0 x ,3 + 35xeJ + 4 0 x 33 + 14x„  + 17xS4 + 19xH
+ 29x24 + 55x 34 + 6 5 x 14 + 5 x 15 + 2 2 xgg + 23Xjg + 36x^
+  7 3 X 3 5  +  7 5 x 25  +  7 x 16 +  2 4 x 36  +  2 9 x 46 +  3 6 x 56 +  4 1 x 6 6  
+ 8 2x25 + 4 x3J 2 3 x1? + 4 3 x5? ® ^ x 47 95Xqj
+ 4x2g + 9Xjg + 1 5 X33 + 16Xjg + 19Xgg + 19Xgg + 1 0 Xgg
+ 16x^g + 1 6 x 2q + 22Xgg + 2 3 x 59 + 2 5 x 49 + 14x^  + 1 7 x 2A
+ 2 2 x u + 2 5 x 3A + 4 2 x 5A + 4 9 x gA + 15 x 1fi + 1 6 x 3B + 2 6 x 2B
+ 3 6 x 4B + 7 6 x 6B + 91 XgB + 4 x 3C + 1 6 x gc + 2 3 x 1c + 4 1 x gc
+ 4 2 x Ag + 43Xqg + 14xgB + 16XgB + 17x2B + 1 8 x4B + 1 9x^b
+ 2 1 x 5D + 1 7 y 4 + 1 9y g + 2 5 y g + 2 6 y 3 + 3 2 y 2 + 7 5 y 1
T - 3 9 7 7 86
Prob lem  8  (W in s t o n  1987 ,  3 7 2 ) .  
Lockbox Prob lem
C o s ts  Reg ion Lockbox 1 Lockbox 2 Lockbox 3 Lockbox 4
V a r i a b l e  1 28 84 1 1 2 1 1 2
2 60 2 0 50 50
3 96 60 24 60
4 64 40 40 16
Fi xed 50 50 50 50
T - 3 9 7 7 87
mi n z
s . t .
Pr ob lem 8 ( W i n s t o n  1987 ,  3 7 2 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
= 28x^ + 60X|2 + 96X|2 + 64x^  + 84X2  ̂ + 2 OX22 +
+ 40X2^ ^  2 x 1̂ + 50x^2 + 24x^ + 40x^4 + 1 1 2 X41
+ 6 OX42 + 1 6 X44 + 50yj + 50yj + 50yj *  50y4
x„ + X 21 + x31 + x„  = 1
X | 2  X j j  "I" ^ 4 2  ""  ^
x 13 +  x 2 3  +  x 3 3  +  x 4 3  =  1
x 1 4  +  x 2 4  +  x 3 4  +  x 4 4  =  1
x l l  +  X I 2  +  x 13 +  x t 4  -  4 y ,  <  0
X 21 +  x 2 2  +  x 2 3  +  x 2 4  ~  ^ 2 ~ ®
x 3 t  +  x 3 2  +  x 3 3  +  x 3 4  "  4 y 3  <  0
X 41 +  x 4 2  +  x 4 3  +  x 4 4  ~  4 y 4  <  0
0 0 X22 
.+ 50X42
T - 3 9 7  7 88
Pr ob lem 8 ( W i n s t o n  1987 ,  3 7 2 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  V a lu e s
m i n  z  =  1 6 X 4 4  +  2 0 x 22 +  2 4 x 33 +  2 8 x 11 +  4 0 x 2 4  +  4 C ) x 3 4  +  5 0 x 32
+ 5 OX42 6 0 x i2 + 6 Ox0j + 6 OX42 ®^*14 + ®^x2l + ^®x 13
+ ^ ^ 2 x ^  + 1 "* 2 x 4i + 50y! + 5 0y2 + 5 0y3 + 50y4
P rob lem  8  (W in s t o n  1 9 8 7 ,  3 7 2 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  x^ ŷ  V a l u e s ,
By R eg ion
min z = 28x^ + 84x21 + 1 1 2x3| + 112x41 + 20x22 + 5 0x32 + 50x42
+ 60X|2 + 24x^2 + 60x22 + 6 OX4-5 + 96x^ + I 6 X44 + 4 0 x 24
+ 4 0 x24 + 64x^  + 50y^ + 50y2 + 5 0y2 + 50y4
T - 3 9 7  7 89
P ro b lem  9 ( E r l e n k o t t e r  1978 ,  1 0 0 0 ) .  
Lockbox Prob lem
C o s ts  Reg ion Lbox 1 Lbox 2 Lbox 3 Lbox 4 Lbox 5
V a r i a b l e  1 1 2 0 2 1 0 180 2 1 0 170
2 180 M 190 190 150
3 1 0 0 150 1 1 0 150 1 1 0
4 M 240 1 95 180 150
5 60 55 50 65 70
6 M 2 1 0 M 1 2 0 195
7 180 1 1 0 M 160 2 0 0
8 M 165 195 1 2 0 M
F i x e d  , 1 0 0 70 60 1 1 0 80
T - 3 9 7 7 90
P rob lem 9 ( E r l e n k o t t e r  197 8 ,  1 0 0 0 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
min z = 1 2 0 Xn + 1 80 x12 + 1 0 0 X |3 + Mx14 + 6 0 x jg + MX|g + 180X|j
+ Mx̂ g + 2 1 0 x 2| + Mx22 + 1 50x22 + 2 4 0 x 24 + 5 5 x 2g + 2 1 0 x 2g
+ 1 1 0  x2j + 16 5 x 2g + 18 0 x 2| + 19 0 x 22 + 1 1 0 x 22 + 195x^ + 50Xgg
+ MXgg + Mx2j + 195x2g + 2 1 0 x 41 + 1 9 0 x 42 + 150x43 + 18 0 x 44
+ 6 5 x 4g + 12 0 x 4g + 1 6 0 x 4j + 12 0 x 4g + 170x ĝ + 15 0 x g2 + 1 10 x ĝ
+ 150xg4 + 70xgg + 195xg« + 2 0 0 x gj + Mxgg + 100y^ + 70y2 








+ x 32 + x 42 + x 52
= 1
x 13 + x 23 + x 33 + x 43 + x 53
- 1
X H
+ x 2 4 + x 3 4 + x 4 4 + x 5 4
= 1
x 15 + x 25 + x 35 + x 45 + x 55 r 1
x 16 + x 26 + x 36 + x 46 + x 56
= 1
x 17 + x 2 j + x 37 + x 47 + x 57 = 1













X 31 + x 32 + x 33 + x 34 + x 35 + x 36 + x 37 + x 38
>7
00 < 0
X 41 + x 42 + x 43 + x 4 4 + x 45 + x 46 + x 47 + x 4 8  "
00 < 0
X 51 + x 52 + x 53 + x 54 + x 55 + x 56 + x 57 + x 5 8  "
>7
00 < 0
T - 3 9 7  7 91
Pr ob l em 9 ( E r l e n k o t t e r  1978 ,  1 0 0 0 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  V a l u e s
- 5 0 x 35 + 5 5x2j 6 0 x 15 + 6 5 ><45 + 7 0 ><55 + 1 OOx + 0 j*
+ H O X 33 + 110x53 + 120x„11 + 120X45 + 120x4g + 1 5 0 X3*5
+ 1 5 OX43 + 1 50Xg2 + 1 50x^4 + 160 x 4j + 1 6 5 x 2g + 170 x5,
+ 1 8 0 x 12 + 180 x 17I ( + 180 x 31
+X000+ 1 9 0 x 33 + 1 9 0 X4,
+ 1 9 5 X34 + 1 9 5 x3g + 1 95Xgg + 2 0 0 Xgj + 21 0 x21 + 21 Ox26
+ 2 1 0 x 41 + 2 4 0 x 24 + MxU + Mx1g + Mx1g + Mx22 + MxJJ
+ + ^x 58 ^0 y2 + + 1 0 0 y| + 1 1 0 ŷ
P rob lem  9 ( E r l e n k o t t e r  1978 ,  1 0 0 0 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  x^ ŷ  V a l u e s ,
By Reg ion
min z = ISOx^ + 1 70x51 + 180x31 + 2 10 x 21 + 2 1 0 x41 + 150x52
+ 180Xj2 + 190x22 + 190x^2 + Mx22 + lOOx^ + 1 1 0 Xg2 + 1 1 0 x^
+ 1 50x22 + 150x^ + 150Xjj  ̂ + 180x^ + 1 9 5x 24 + 2 4 0 x 2̂ + Mx^
+ 50Xgg + 5 5x2j + 60x^ + 65x^ + 70x^ + 1 2 0 x^ + 195xgg
+ 2 1 0 x2g + Mx^ + Mx2g + 1 1 0 x2j + 160x^j + 180Xjj + 2 0 0 x ĵ
+ Mx ĵ + 120x^g + 165x2g + 195x2g + Mx̂ g + MXjg + 6 0 y 2 + 70y2
+ 80y5 + lOOy^ + 110y^
T - 3 9 7 7 92
Prob lem  10 ( S a l k i n  197 5 ,  4 9 2 ) .  
Lockbox Prob lem
C o s ts  R eg ion Lockbox 1 Lockbox 2 Lockbox 3 Lockbox 4
V a r i a b l e  1 400 600 100 100
2 900 90 180 1 170
3 560 1980 1210 220
4 960 240 2530 1320
5 450 560 750 1050
F i xed 1 10 130 140 160
T - 3 9 7 7 93
mi n z
s . t .
Pr ob lem 10 ( S a l k i n  1975 ,  4 9 2 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
- 4 0 0 X n + 9 0 0 x
12 + 5 6 0 X p  +  9 6 0 X | 4  + 4 5 0 X | 5  + 6 O O x 0 j
+ 9 0 X 2 2 + 1 9 8 0 x 23 + 2 4 O X 24 +  5 6 O X 25 + 1 0 0 X 2 1 + 1 8 O X 32
+ 1 2 1  O x 33 +  2 5 3 0 x ^ 4 + 7 5 0 X 3 5 +  1 0 0 X 44 +  1 1 7 O X 42 +  2 2 O X 43









+ x 32 + x 42
= 1
x 13 + x 23 + x 33 + x 43
- 1
x 14 + x 2 4 + x 3 4 + x 4 4 r 1
x 15 + x 25 + x 35 + x 45
= 1





+ x22 + x 23 + x 2 4 + x 25 -  5 y 2 <  0
X 31 + x 32 + x 33 + x 34 + X 3S -  5 y 3 <  0
X 41 + x 42 + x 43 + x 44 + x 45 -  5 y 4 <  0
■ *
T - 3 9 7 7 94
Pr ob lem 10 ( S a l k i n  197 5 ,  4 9 2 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  V a lu e s
min z = 90X22 + 1 0 0 x 31 + 100x^ + 180x^2 + 220x^  + 2 4 0 x 24 
+ 400x^ + 450x^  + 560x^  + 5 6 OX25 + 6 OOX2 ! + 750Xjj  
+ 900x<2 + 960x^  + 1050x^5 + 1170x^2 + 1210 x^ + 1320x^  
+ 1980x22 + 2530x24 + 1 1 0  y ̂ + 130y£ + 140yj  + ISOy^
Pro b lem  10 ( S a l k i n  197 5 ,  4 9 2 ) .
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  x^ ŷ  V a l u e s ,
Bv R eg io n
min z = 1 0 0 X21 + 1 0 0 X4! + 4 0 0 X!! + 6 0 0 X3! + 9 OX22 + 1 8 0 x33
+ 9 0 0 x 12 + I W O X 42 + 2 2 OX43 + 56 0 x !2 + 1 2 1 0 X33 + 1980X23
+ 240x24 + 9 6 0 x 14 + I 3 2 OX44 + 2 5 3 OX34 + ^ ^ x 15 + 5 6 0 X35
+ 7 5 0 X35 + IO 5 OX45 + 11°Vl + 130y2 + 140 y3 + 160y4
T - 3 9 7 7 95
P rob lem  11 ( S a l k i n  1975 ,  4 9 4 ) .  
Lockbox Prob lem
C o s ts Reg ion Lockbox 1 Lockbox 2 Lockbox 3
V a r i  a b l e 1 200 100 300
2 200 150 100
3 1050 1200 750
4 1200 1400 2000
F i xed 450 400 500
T - 3 9 7 7 96
P ro b lem  11 ( S a l k i n  197 5 ,  4 9 4 ) .  
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
min z = 200X!! + 2 0 0 x 12 + 1 0 5 0 x 13 + 1 2 0 0 x 14 + 100x21 
+ 1 2 0 0 x23 + 1 4 0 0 x 24 + 3 0 0 x 3| + 1 0 Ox32 + 7 5 0 x 33 




+ X 31 - 1
X 1 2 +
x 2 2
+ x 32 = 1
x 13 + x 23 + x 33 = 1








+ x 23 + x 2 4  - 4 y 2 < 0
X 31 + x 32 + x 33 + x 3 4  - 4 y 2 < 0
1 5 0x22 
2 0 0 0 x 34
T - 3 9 7 7 97
Prob lem  11 ( S a l k i n  1975 ,  4 9 4 ) .  
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  ŷ  V a lu e s
min z = 1 0 0 X21 + lOOx^ + 1 5 0 X33 + 2 0 0 X | 1 + 2 0 0 X |2 +
+ 7 5 0 X33 + 1050Xp + 1200x^  + 1 2 0 0 X33  ̂400x
+ 400y2 + 4 5 0 y 1 + 5 0 0 y 3
Prob lem  11 ( S a l k i n  1975 ,  4 9 4 ) .  
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  x^ ŷ  V a l u e s ,
By Reg ion
3 0 OX31
24 + 2 OOOX34
min z = 100 x 21 +  2 0 0 x 11 +  3 0 0 X J !  +  1 0 OX32 +  1 5 0 X33 +  2 0 0 x 2̂
+ 7 5 0 X33 +  1 050x^3 +  1 2 0 0 X33 +  1 2 0 0 x 14 +  1 4 0 0 X34 +  2 OOOX34 
+  4 0 0 y 2 +  4 5 0 y 1 +  5 0 0 y 3
T - 3 9 7 7 98
P ro b lem  12 ( S a l k i n  1975 ,  4 9 5 ) .  
Lockbox Prob lem
C o s ts  R eg ion Lockbox 1 Lockbox 2 Lockbox 3 Lockbox 4
V a r i a b l e  1 100 1 10 90 120
2 150 140 160 130
3 80 70 100 1 10
4 100 90 80 60
F i xed 800 600 700 500
T - 3 9 7 7 99
P rob lem 12 ( S a l k i n  1975 ,  4 9 5 ) .
S t a n d a r d  M a t h e m a t i c a l  F o r m u l a t i o n
min z = lOOx^ + 1 5 0 x 12 + 80X|3 + 100x j4 + 110x21 + 1 4 0 x 22 + 70x23 
+ 9 0 x 23 +  9 0 x 3| +  1 6 0 x 32 + 1 0 0 x 33 +  + 1 2 0 x ^  +  1 3 0 x 42
+ 1 1 O x ^ + 6 0 x ^ +  8 0 0 y 1 + 6 0 0 y 2
X 11




+ x 32 + x 42  = 1
x 13 + x 23 + x 33 + x 4 3  ~ 1










+ x 23 + x 2 4  -
V
I 0
X 31 + x 32 + x33 + x 3 4  " 4 y 3 < 0
X 41 + x 42 + x 43 + x 44 - 4 y 4 < 0
T - 3 9 7 7 100
min z
mi n z
P rob lem  12 ( S a l k i n  1975 ,  4 9 5 ) .  
New O b j e c t i v e  F u n c t i o n ,
S m a l l e s t  t o  L a r g e s t  V a lu e s
= 6 OX44 + 7 0 x 23 + 80X|3 + 8 0 x 34 + 9 0 x 24 + 9 0 x 31 + 1 0 0 x t1 
+ 10 0 Xj4 + 10 Ox33 + 110 x2| + 11 Ox43 + 1 2 0 x^ + 13 0 x 42 
+ 1 40x<)2 + 150X|2 + 1 6 0 x 32 + 5 0 0 y 4 + 6 0 0 y 2 + 7 0 0 y 3 + 800yj
Prob lem  12 ( S a l k i n  1975 ,  4 9 5 ) .  
New O b j e c t i v e  F u n c t i o n ,  
S m a l l e s t  t o  L a r g e s t  x^ ŷ  V a l u e s ,  
By R eg ion
= 9 0 x 31 + 100x^ + 110x21 + 120 x 41 + 130x<2 + 140x22 
+ 150 x 2̂ + 1 60 x 32 + 7 0 x ,3 + 8 0 x 13 + 10Ox33 + 1 10x43 + 6 0x44 
+ 8 0 x34 + 9 0 x 24 + 10 0 x 14 + 5 0 0 y 4 + 6 00 y2 + 7 0 0 y 3 + 800y!
